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ABSTRACT
The prohlem o f r a d ia t iv e  h e a t t r a n s f e r  from a m eta lized  p ro p e lla n t 
ro c k e t exhaust i s  o f c u rre n t concern to  th e  aerospace  in d u s try . The 
problem involves th e  t r a n s f e r  o f therm al r a d ia t io n  from an axisym m etric 
d is p e rs io n  o f m e ta l l ic  oxide p a r t i c l e s  and in c lu d es  th e  e f f e c t s  o f absorp­
t i o n ,  em ission , and a n iso tro p ic  s c a t te r in g .
The p re se n t work d i f f e r s  from p rev ious works in  th a t  a l l  o f  th e  
above mentioned e f f e c t s  a re  inc luded  in  th e  a n a ly s is .  S p e c if ic a l ly  t h i s  
work co n sid e rs  therm al r a d ia t io n  to  th e  base  re g io n  o f  a f i n i t e  c y l in d r i ­
c a l  cloud o f  ab so rb in g , e m ittin g  and a n is o t ro p ic a l ly  s c a t te r in g  p a r t i c l e s .
A Monte C arlo model o f  th e  problem i s  developed which p erm its  th e  
r a d ia t io n  to  o rg in a te  e i th e r  w ith in  th e  cloud or from a b la c k  c i r c u la r  
su rfa c e  a t  th e  b ase  o f th e  c loud . The em itted  photon (bundle o f energy) 
i s  th en  fo llow ed through  a s e r ie s  o f p robab le  p a th s  u n t i l  i t  leav es  th e  
cloud and h i t s  o r m isses th e  b ase  p lan e . A n iso tro p ic  s c a t te r in g  i s  in ­
troduced  through th e  s c a t te r in g  d i s t r ib u t io n  fu n c tio n  which i s  charac­
t e r i s t i c  o f  aluminum oxide d is p e rs io n s .
The model i s  ru n  through  some tw en ty -s ix  d i f f e r e n t  cases end com­
p a riso n s  a re  made w ith  reg a rd  to  v a r ia t io n s  in  such param eters as o p t i ­
c a l  d iam e te r , h e ig h t to  d iam eter r a t i o ,  and a n iso tro p ic  v e rsu s  is o tro p ic  
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For many y ears  p h y s ic a l s c i e n t i s t s  have concerned them selves w ith  
th e  a n a ly s is  o f r a d ia n t  energy t r a n s p o r t  th rough  absorb ing  and s c a t t e r ­
ing media. U n til  r e c e n t ly ,  however, en g in eers  co n sid e rin g  therm al e f ­
f e c ts  have no t been g r e a t ly  invo lved  w ith  i t .  Now, la rg e ly  th rough  th e  
impetus o f aerospace re q u irem en ts , en g in eers  f in d  them selves w ith  a need 
to  a c c u ra te ly  p re d ic t  r a d ia t iv e  h e a tin g  th rough  a v a r ie ty  o f such media 
in  d iv e rs e  c o n f ig u ra tio n s .
One such en g in ee rin g  problem is  th e  p re d ic t io n  o f th e  r a d ia n t  h e a t ­
ing o f a sp a c e c ra f t s t r u c tu r e  which views a ro c k e t exhaust plume. The 
problem is  p a r t i c u la r ly  s ig n i f ic a n t  in  connec tion  w ith  th e  use  o f m e ta l­
ized  s o l id  p ro p e lla n t ro c k e t m otors. A d e ta i le d  review  o f th e  th eo ry  of 
therm al r a d ia t io n  as i t  r e l a t e s  to  ro c k e t exhaust plumes has r e c e n t ly  
been g iven  by R ochelle  ( l) . A le s s  comprehensive b u t v ery  c le a r  d is c u s ­
s io n  o f th e  s t a t e  o f  knowledge o f th e  s o l id  ro c k e t problem is  g iven  by 
C arlson (2 ) .
The c u rre n t work i s  m otivated  by th e  ro c k e t exhaust h e a tin g  prob­
le m . However, in  view o f th e  e x is ta n c e  o f ( l )  and ( 2 ) no u s e f u l  p u r­
pose would be served  by a d e ta i le d  review  o f th e  problem h e re . Hence, 
th e  d is c u s s io n  w i l l  be confined  to  th o se  a re a s  n ecessa ry  to  s e t  th e  
s tag e  fo r  t h i s  work.
2The g e n e ra l fo rm u la tio n  o f th e  problem o f r a d ia t iv e  h e a t t r a n s f e r  
in  ab so rb in g , e m itt in g , and s c a t te r in g  media i s  tho rough ly  covered in  
th e  l i t e r a t u r e .  The works o f  Love ( 3 ) and Sparrow and Cess (4) a re  
s p e c if ic  exam ples. An e x c e lle n t  tre a tm en t o f e lec tro m ag n e tic  s c a t te r in g  
i s  a v a ila b le  in  th e  work by Van de K u ls t ( 5 ) and tre a tm e n ts  o f a v a r ie ty  
o f th e  a sp e c ts  o f  s c a t te r in g  a re  con tained  in  th e  work e d ite d  by Kerker 
(6 ).
The s p e c if ic  problem to  be t r e a te d  in  th is "  work i s  th e  r a d ia t iv e  
h e a t t r a n s f e r  from a f i n i t e  c y l in d r ic a l  cloud o f p a r t i c l e s  which absorb , 
em it and s c a t t e r  r a d ia t io n .  The r a d ia t io n  can o r ig in a te  e i th e r  w ith in  
th e  cloud o r from a b la c k  c i r c u la r  su rfa ce  a t  th e  b ase  o f th e  c loud .
There a re  s e v e ra l  methods which have been a p p lie d  to  r e la te d  h e a t 
t r a n s f e r  problems in v o lv in g  s c a t te r in g .  Among th e se  a re  th e  method of 
q u ad ra tu re s  used by Love ( 7 ) end Love and H sia ( 8 ) ,  th e  num erical so lu ­
t io n  o f Evans, Chu, and C h u rc h ill (9 ) ,  and th e  two s te p  procedure de­
veloped by Edwards and Bobco in  (lO ) and a p p lie d  by Bobco in  ( l l ) .
In  ( 7 ) Love s tu d ie d  th e  e f f e c t  o f  a n is o tro p ic  s c a t te r in g  on th e  
h e a t t r a n s f e r  between p lane  d i f f u s e  w a lls  and a medium which was e i th e r  
iso th e rm a l o r in  r a d ia t iv e  e q u ilib riu m . The medium was i n f i n i t e  in  ex­
t e n t  in  two dim ensions and e i th e r  f i n i t e  o r s e m i- in f in i te  in  th e  th i r d .  
The work o f Love and H sia (8 ) e s s e n t i a l ly  extended th e  p rev io u s  work to  
cases in  which c s p e c if ie d  tem pera tu re  d i s t r ib u t io n  e x is te d  in  th e  
medium. The q u ad ra tu re  method invo lves re p la c in g  th e  s c a t te r in g  in t e ­
g r a l ,  appearing  in  th e  in t e g r o d i f f e r e n t i a l  eq u a tio n  as w r i t te n  a long a 
l in e  o f s ig h t ,  by a G aussian q u a d ra tu re . This reduces th e  problem to  
th e  s o lu tio n  o f a s e t  o f f i r s t  o rd e r non homogeneous d i f f e r e n t i a l  equa­
t io n s .
3In  (9 ) Evans, Chu and C h u rc h ill consider a n iso tro p ic  s c a t te r in g  in  
p a r a l l e l  p lane  d isp e rs io n s  o f f i n i t e  th ic k n e ss . The d isp e rs io n s  have 
f r e e  b o u n d arie s . The tech n iq u e  used invo lves a re d u c tio n  o f th e  in te ­
g r o d i f f e r e n t ia l  eq u atio n  to  a s e t  o f in te g ra l  eq u a tio n s . The in te g ra l  
eq u a tio n s  a re  so lved  hy num erical i t e r a t i o n  u sing  a G aussian quad ra tu re  
f o r  th e  in te g r a ls .  S c a tte r in g  i s  lim ite d  to  s c a t te r in g  fu n c tio n s  which
can he approxim ated hy a very  few term s o f a s e r ie s  o f  Legendre polyno­
m ia ls .
The method o f  Edwards and Bohco (lO ) o b ta in s  a f i r s t  o rd er so lu ­
t io n  from th e  o rd in a ry  d if f u s io n  approxim ation and boundary co n d itio n s  
which a re  s a t i s f i e d  in  th e  mean. This s o lu tio n  is  th en  used in  th e  
"source  term " (em ission  p lu s  s c a t te r in g )  o f th e  form al eq u a tio n  o f t r a n s ­
f e r  along  w ith  th e  ex ac t boundary co n d itio n s  to  o b ta in  a second o rder
s o lu tio n . In  ( l l )  Bobco a p p lie s  t h i s  method to  o b ta in  so lu tio n s  fo r  a
two d im ensional, s e m i- in f in i te  s la b . S c a tte r in g  i s  is o t r o p ic .  In  ( l2 )  
th e  method i s  a p p lie d  to  a s e m i- in f in i te  cone b u t th e  is o tro p ic  s c a t t e r ­
ing r e s t r i c t i o n  rem ains.
A ll  o f th e  above m entioned techn iques in co rp o ra te  e i th e r  p lane 
p a r a l l e l  geometry or is o tro p ic  s c a t te r in g  as a s im p lif ic a t io n . Means 
by which th e se  r e s t r i c t i o n s  can be removed and s t i l l  perm it a s o lu tio n  
a re  n o t obvious.
A fo u r th  method o f s o lu tio n  i s  th e  Monte C arlo te ch n iq u e , which 
has r e c e n t ly  been a p p lie d  to  r a d ia t iv e  h e a t t r a n s f e r  by P e rlm u tte r and 
Howell ( 13 , l4 ,  15 ) and C o r le t t  ( 16 ) . An e x c e lle n t d e s c r ip t io n  i s  g iven 
by Howell in  ( 17) .  A lthough t h i s  method p rev io u s ly  had n o t been ap p lied  
to  h e a t t r a n s f e r  problems invo lv ing  s c a t te r in g ,  th e  ex ten s io n  seemed
4t r a c t a t l e .  The f l e x i b i l i t y  o f th e  method seemed p a r t i c u la r ly  a t t r a c - -  
t iv e .
The p a r t i c le s  in  th e  cloud considered  in  t h i s  work a re  o f aluminum 
oxide and were chosen to  be in  d is t r ib u t io n s  b e lie v ed  ty p ic a l  o f alum in- 
ized  p ro p e lla n t ro c k e t ex h au s ts . E xperim ental d a ta  on th e  o p t ic a l  prop­
e r t i e s  o f alumina a t  ro ck e t exhaust tem peratu res have been ob ta ined  by' 
Gryvnak and Burch ( l 8 ) ,  C arlson  ( 19 ) and Adams (2 0 ) . Mie th eo ry  ca lcu ­
la t io n s  fo r  a b so rp tio n  and s c a t te r in g  c o e f f ic ie n ts  have b je n  re p o rte d  
by Bauer and C arlson (21) and P la ss  (22 , 23 ) .  Bauer and C arlson  p re ­
sen t t h e i r  c a lc u la t io n s  averaged over p a r t i c l e  d is t r ib u t io n s  b e lie v ed  
ty p ic a l  o f th o se  occuring  in  ro c k e t ex h au s ts . P la s s  g iv es  v a lu es  as a 
fu n c tio n  o f p a r t i c l e  r a d iu s . The va lues o b ta in ed  by P la s s  ( 23 ) u s in g  
th e  da ta  o f ( 18 ) a re  b e lie v e d  to  be th e  most a ccu ra te  a v a ila b le  fo r  a lu ­
mina ( 1 ) .  B artky and Bauer (24) p re sen t c a lc u la t io n s  based on ( 18 ) and 
averaged over s u i ta b le  p a r t i c l e  d i s t r ib u t io n s .  In  a d d it io n , th ey  p re ­
sen t curves showing th e  an gu lar s c a t te r in g  fo r  th e se  p a r t i c l e  d i s t r i b u ­
t io n s .  For t h i s  work an an g u lar s c a t te r in g  d i s t r ib u t io n  i s  re q u ire d  
and th e  one chosen i s  based on th e  shape o f th o se  in  (2 2 ) . I t  should 
be noted  th a t  Love and W heasler ( 25 ) and Love and B e a tt ie  ( 26 ) have ex­
p e rim e n ta lly  o b ta ined  s im ila r ly  shaped an g u lar s c a t te r in g  d is t r ib u t io n s  
fo r  p a r t i c l e  clouds o f aluminum, carbon, g la s s ,  s i l i c a  and iro n .
Among c u r re n tly  p u b lish ed  p r a c t ic a l  methods o f c a lc u la t in g  r a d ia ­
t iv e  h e a t t r a n s f e r  from m eta lized  ro ck e t plumes a re  th e  methods o f 
Fontenot (2 7 ) , Morizumi and C arpen ter ( 28 ) ,  B artky and Bauer (24) and 
Edwards and Bobco (1 2 ) . The f i r s t  th re e  a re  thoroughly  d iscu ssed  in  
bo th  ( 1 ) and (2 ) .  Fontenot assumes a s in g le  p a r t i c l e  s iz e  and n e g le c ts  
a l l  e f f e c t s  o f s c a t te r in g .
5Morizumi and C arpen ter use a n eu tro n  s c a t te r in g  analogy in  an in ­
f i n i t e  c y l in d r ic a l  cloud to  r e l a t e  p a r t i c l e  a b so rp tio n  to  e x t in c t io n  
r a t i o  and cloud em ittan ce . Heat t r a n s f e r  i s  c a lc u la te d  u s in g  an e f f e c ­
t iv e  tem p era tu re  and a c o n f ig u ra tio n  f a c to r  from su rfa c e  elem ents o f 
th e  cloud to  th e  p o in t o f i n t e r e s t .  S c a tte r in g  i s  is o t ro p ic .
B artky  and Bauer d is c u s s  th e  a p p l ic a t io n  o f so lu tio n s  o f th e  is o ­
therm al s la b  to  th e  ro c k e t exhaust problem . They in d ic a te  th a t  a one 
d im ensional beam approxim ation  along  a l in e  o f s ig h t  o f f e r s  prom ise fo r  
hand ling  inhomogeneous plumes i f  th e  plume i s  d iv id ed  in to  increm ents 
in  which th e  d e n s i ty ,  p re s su re  and tem pera tu re  do n o t change ap p re c ia b ly .
The is o t ro p ic  s c a t te r in g  r e s t r i c t i o n  to  th e  work o f Edwards and 
Bobco has been p re v io u s ly  m entioned.
In  a d d it io n  to  r a d ia t io n  o r ig in a t in g  from em ission  w ith in  th e  ex­
h au st plume C arlson  (2 ) p o in ts  ou t an o th er com plica tion  which should be 
co n sid ered . In  (29) C arlson  e t  a l . ,  show th a t  " s e a rc h lig h t"  em issio n , 
" tra n s p o r t  o f chamber em itted  r a d ia t io n  in to  th e  plume w ith  subsequent 
s c a t te r in g  by th e  p a r t i c l e  cloud to  th e  su rro u n d in g s ,"  may be im p o rtan t. 
The in c lu s io n  o f t h i s  e f f e c t  in  th e  above m entioned methods o f s o lu tio n  
would appear to  be ex trem ely  d i f f i c u l t .
In  h is  c lo s in g  rem arks Howell (17) makes th e  fo llo w in g  co n clu sio n . 
"Monte C arlo appears  to  have a d e f in i te  advantage over o th e r  r a d ia t iv e -  
t r a n s f e r  c a lc u la t io n  tech n iq u es  when th e  d i f f i c u l t y  o f  th e  problem  being  
t r e a te d  l i e s  above some undefined  le v e l .  J u s t  where t h i s  le v e l  i s  can­
no t be e s ta b l is h e d , p robab ly  being  a fu n c tio n  o f th e  e x p e rien c e , com­
p e ten ce , and p re ju d ic e  o f th e  in d iv id u a l working th e  problem . However, 
problems above t h i s  nebulous benchmark in  com plexity  can be t r e a te d  w ith
6g re a te r  f l e x i b i l i t y ,  s im p lic i ty ,  and speed ."
I t  i s  th e  op in ion  o f t h i s  in v e s t ig a to r  th a t  c y l in d r ic a l  geom etry, 
a n iso tro p ic  s c a t te r in g  and s e a rc h lig h t  e f f e c t  combine to  e le v a te  th i s  
problem  above th a t  "nebulous benchmark".
CHAPTER I I  
MODEL DESCRIPTION
G eneral D e sc rip tio n  
The Monte C arlo method i s  ap p lied  to  c a lc u la te  th e  r a d ia t iv e  t r a n s ­
f e r  from a f i n i t e  c y l in d r ic a l  cloud o f p a r t i c l e s  to  th e  c y lin d e r  hase  
re g io n . The r a d ia t io n  o r ig in a te s  e i th e r  from un iform ly  d is t r ib u te d  is o ­
t ro p ic  em ission w ith in  th e  p a r t i c l e  cloud or from a b la c k  c i r c u la r  su r­
face  a t  th e  base  o f  th e  c loud . The r a d ia t iv e  f lu x  to  a s e r ie s  o f r in g s ,  
co n cen tric  w ith  th e  c y lin d e r  and ly in g  in  th e  base  p la n e , i s  c a lc u la te d . 
D ire c tio n a l p ro p e r t ie s  o f th e  cloud em ittance  a re  no t de term ined .
The p a r t i c l e s  a re  assumed to  be u n ifo m ly  d is t r ib u te d  th roughout 
th e  c loud. S c a tte r in g  i s  e i th e r  is o tro p ic  o r a n iso tro p ic  and m u ltip le  
s c a t te r in g  i s  in c lu d ed . The o p t ic a l  dep th  (d ia m e te r) , s c a t te r in g  to  
e x tin c tio n  r a t i o ,  p a r t i c l e  mass and s iz e  d i s t r ib u t io n ,  c y lin d e r  h e ig h t 
to  d iam e te r , and s c a t te r in g  fu n c tio n  a re  chosen c o n s is ta n t w ith  each 
o th e r and rem ain co n stan t fo r  a g iven  c a lc u la t io n .
Continuum therm al r a d ia t io n  from th e  su rfa ce  or th e  p a r t i c l e s  is  
th e  only  mode o f energy t r a n s p o r t .  The boundaries o f th e  c y l in d r ic a l  
cloud a re  considered  f r e e .
Monte C arlo  A p p lic a tio n  
The Monte C arlo method used in  t h i s  work c o n s is ts  o f fo llo w in g , one
T
8a t  a tim e , a la rg e  number o f  pho tons, o r bundles o f energy , through a 
c y l in d r ic a l  p a r t i c l e  c loud from s u i ta b ly  chosen em ission  p o in ts  a long 
probable  p a th s  u n t i l  th ey  leave  th e  cloud and e i th e r  h i t  o r m iss th e  
base p lan e . At each d e c is io n  p o in t a long th e  p a th  th e  subsequent d i r e c ­
t io n  and len g th  o f t r a v e l  a re  s e le c te d  in  accordance w ith  th e  a p p ro p ri­
a te  p ro b a b i l i ty  d i s t r ib u t io n  fu n c tio n s  (see  C hapter I I I ) .  In  t h i s  model 
a photon i s  considered  to  be em itted  from an a p p ro p r ia te ly  chosen p o in t 
in  a d i r e c t io n  randomly chosen from a d i s t r ib u t io n  re p re se n tin g  e i th e r  
is o tro p ic  em ission  i f  from a volume elem ent o r d if f u s e  em ission  i f  from 
a su rface  elem ent. The maximum d is ta n c e  which a photon could t r a v e l  
along th i s  d i r e c t io n  and rem ain in  th e  cloud i s  then  c a lc u la te d . This 
maximum p a th  len g th  i s  compared w ith  a p robab le  p a th  le n g th  chosen ra n ­
domly accord ing  to  th e  a p p ro p ria te  d i s t r ib u t io n  fu n c tio n . I f  th e  p rob ­
a b le  p a th  le n g th  i s  g re a te r  th an  th e  maximum p a th  le n g th , th e  photon 
is  considered  to  e x i t  th e  p a r t i c l e  c loud . I f  th e  e x i t  d i r e c t io n  o f t r a v ­
e l  in te r s e c ts  th e  b ase  p la n e , th e  impact ra d iu s  i s  c a lc u la te d  and 
reco rd ed . I f  i t s  d i r e c t io n  o f t r a v e l  ta k e s  i t  away from th e  base  p lane  
i t  i s  reco rd ed  as a m iss.
I f  th e  p robab le  p a th  len g th  i s  le s s  than  th e  maximum p a th  len g th  
th e  photon i s  s c a t te r e d  o r absorbed . This i s  con sid ered  to  tak e  p lace  
a t  a p o in t which i s  a d is ta n c e  eq u al to  th e  p robab le  p a th  le n g th  along 
th e  maximum p a th  d i r e c t io n .  The d e c is io n  as to  w hether th e  photon i s  
absorbed or s c a t te r e d  i s  based on th e  s c a t te r in g  to  e x t in c t io n  r a t i o .
I f  th e  photon i s  absorbed and th e  cloud i s  considered  in  r a d ia t iv e  
eq u ilib riu m  a new photon i s  im m ediately em itted  from th e  same p o in t in  
an a p p ro p r ia te ly  determ ined  d i r e c t io n  s in ce  th e re  can be no h e a t accu-
9m u le tion  in  th e  c loud . I f  th e  photon i s  s c a t te r e d ,  a d i r e c t io n  o f s c a t ­
t e r in g  i s  chosen acco rd ing  to  th e  s c a t te r in g  fu n c tio n . In  e i th e r  c a se , 
once th e  new d i r e c t io n  i s  de term ined , th e  c a lc u la t io n s  proceed as b e fo re  
and co n tin u e  c y c lin g  u n t i l  th e  photon le av es  th e  cloud and e i th e r  h i t s  
o r m isses th e  base  p la n e . A new photon h i s to r y  i s  begun a f t e r  each h i t  
o r m iss.
I f  th e  photon i s  absorbed and th e  cloud n o t considered  in  r a d ia t iv e  
e q u ilib r iu m , th e  photon h is to ry  i s  te rm in a ted  im m ediately and a new 
h is to r y  begun.
Model Geometry
The geom etry o f th e  model used in  t h i s  in v e s t ig a t io n  i s  d e p ic ted  
in  F ig u re  2 -1 . The model c o n s is ts  o f a f i n i t e  r ig h t  c i r c u la r  c y lin d e r  
and th e  i n f i n i t e  p lane  th rough i t s  b a se . A c y l in d r ic a l  co o rd in a te  sy s­
tem has i t s  o r ig in  a t  th e  m idpoint o f  th e  base  o f  th e  c y lin d e r  w ith  th e  
2 a x is  c o in c id in g  w ith  th e  a x is  o f  th e  c y lin d e r .  The re fe re n c e  d i r e c ­
t io n  from which th e  az im u thal c o o rd in a te  an g le  i s  measured i s  tak en  as 
th e  X d i r e c t io n  o f  a r ig h t  handed o rth o g o n a l c a r te s ia n  system  whose 
o r ig in  and z a x is  co in c id e  w ith  th o se  o f th e  c y l in d r ic a l  system . The 
X d i r e c t io n  i s  a r b i t r a r i l y  lo c a te d  and f ix e d . The d i r e c t io n  o f depar­
tu re  from any g iven  p o in t (z ^ , r^ )  i s  g iven  in  a s p h e r ic a l  co o rd i­
n a te  system  cen te re d  a t  th e  p o in t and having as  i t s  re fe re n c e  fo r  a z i ­
m uthal ang le  (0 ) a d i r e c t io n  p a r a l l e l  to  th e  above m entioned x d i r e c ­
t io n  and as i t s  re fe re n c e  fo r  p o la r  ang le  ("H) a d i r e c t io n  p a r a l l e l  to  
th e  a x is  o f  th e  c y lin d e r . The d is ta n c e  in  th e  d i r e c t io n  (0 , I)) from 
th e  p o in t  (z^y r^ )  to  th e  su rfa c e  o f  th e  c y lin d e r  i s  c a l le d  th e
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on any g iven  t r i a l  i s  c a l le d  th e  p rohah le  p a th  len g th  I f  th e  prob­
a b le  p a th  le n g th  i s  le s s  th an  th e  maximum p a th  le n g th  , th e  photon is  
assumed to  t r a v e l  a d is ta n c e  K>^  in  th e  d i r e c t io n  (6 , *n) to  a new p o in t 
(z g , rg )  a t  which a new d i r e c t io n  o f d e p a rtu re  must he determ ined.
I f  th e  p rohah le  p a th  le n g th  were g re a te r  than  th e  maximum p a th  
len g th  th e  photon would leav e  th e  cloud and would he co n sidered  to  t r a v ­
e l  in  a s t r a ig h t  l in e  u n t i l  i t  h i t  th e  h ase  p lane  (Tj > 90°) o r he
counted as  a m iss (T) s  90° ) .
To fo llow  photons from p o in t to  p o in t through th e  cloud  one must 
have ex p ress io n s  f o r  r _ ,  in  term s o f  r , , z , ,  , K, ,  t  . These
—• d . c . d . X i . i . p n i
a re  o b ta ined  n e x t.
The p ro je c t io n  o f  th e  in te r n a l  geom etry on th e  base p lan e  i s  shown 
f o r  s e v e ra l  va lu es  o f  r^^; and 0 in  F igure  2 -2 . Note th a t  fo r  g iven  
v a lu es  o f  r ^ ,  and 0 th e  t r i a n g le  w ith  s id e s  R, h ,  r^  i s  com pletely  
determ ined . Note a ls o  th a t  th e  ang le  0 can he considered  to  he th e  sum
o f th e  an g le  and an an g le  Ç, where i t  i s  understood  th a t  0 i s  th e
p r in c ip le  va lue  o f  th e  ang le  re p re se n te d  hy t h i s  sum. T herefo re
G = 0 -  0 >
G = 0 - + 2n , 0 <
The ang le  a  i s
a  = 1 TT - G 1
Since cos x = cos ( -x )
cos a  = cos (n  - G)
o r
cos Of = -co s  (G)
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cos a  = -cos (0 - (2- 1 )
Assuming f o r  th e  moment th a t  th e  maximum p a th  le n g th  in te r s e c ts  
th e  v e r t i c a l  su rfa c e  o f th e  c y lin d e r ,  th e  le n g th  h re p re se n ts  th e  p ro ­
je c t io n  o f  on th e  h ase  p lan e .
h = s in  T)
Since R, r ^ ,  and cos a  a re  known th e  value  o f  h can he c a lc u la te d  
u sin g  th e  law o f  c o s in e s .
R^ = h^ + - 2hr^ cos a
or
h^ - (2 r^  cos a )h  + ( r^ ^  - R^) = 0 
Applying th e  q u a d ra tic  form ula g ives
p p p p i
l3 = COB a  + cos a  + (R - ))^
and s in ce
th i s  i s  o f  th e  form
h = a + (a^  + m^)
T herefo re  s in c e  h i s  a s c a la r  le n g th  and must he p o s i t iv e  i t  i s  neces­
sa ry  to  choose th e  p o s i t iv e  ro o t .
h  = r ^  cos a  + (r^ ^  cos^a + (R^ -  r ^ ^ ) ) ^  (2 -2 )
The maximum p a th  le n g th  i s  th e re fo re
= h / s in  11 (2 -3 )
I f  th e  d i r e c t io n  o f  th e  p a th  ta k es  th e  photon ou t th e  to p  o r b o t­
tom o f th e  c y lin d e r  th e  v a lu e  fo r  as  c a lc u la te d  ahove w i l l  he too
la rg e .  The e a s i e s t  way to  determ ine w hether t h i s  s i tu a t io n  e x i s t s  in  
th e  case  o f  e x i t  th rough  th e  to p  i s  to  compare th e  v a lu e  o f  x
cos 11 and th e  h e ig h t (H) o f  th e  c y lin d e r .  I f  cos 1) i s  g re a te r
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th an  th e  h e ig h t o f th e  c y lin d e r  th en  th e  pa th  le ad s  through th e  to p  of 
th e  c y lin d e r . The c o rre c t v a lu e  fo r  would th en  he
= (H - z^) /  cos *n (2 -4 )
I f  z + cos T) i s  n e g a tiv e , th e  p a th  lead s  through th e  bottom  o f
th e  c y lin d e r . In  t h i s  case
/  cos T) (2 -5 )
I t  i s  im portan t to  n o tic e  th a t  f o r  g iven  0 and r ^ ;  th e  d ire c ­
t io n  o f th e  p ro je c tio n  o f on th e  b ase  p lane  i s  f ix e d . Hence n e ith e r
th e  d is ta n c e  t r a v e le d  a long t  nor th e  f a c t  th a t  t  in te r s e c ts  th e  topm m
o r bottom  o f th e  c y lin d e r  w i l l  have any e f f e c t  on th e  ang le  a .
I f  a photon i s  s c a t te re d  o r absorbed a t  some p o in t ( r g ,  î g ,  Zg) oh
i t s  p a th  from (r^y  Zj^), i t  w i l l  be as  a r e s u l t  o f  th e  va lue  
which i s  o b ta in ed  from p ro b a b i l i ty  c o n s id e ra tio n s , be ing  le s s  th an  
The p a th  w i l l  be in  th e  g iven  d i r e c t io n ,  however, and i t s  p ro je c tio n  on 
th e  base  p lane  w i l l  be s h o r te r  b u t co in c id e  w ith  b . This p ro je c tio n  i s  
shown as c in  F igure  2 -3 . I t  w i l l  have th e  va lue
c = t p  s in  7| (2 -6 )
The v a lu es  c , cos a ,  and r^  ^ com pletely  determ ine th e  t r i a n g le  w ith  
s id e s  rj^, r g ,  c . Hence th e  va lue  o f  rg  can be c a lc u la te d  u s in g  th e  law 
o f  c o s in e s . -
rg  = + (c^  + 2cr^^ cos a )^  (2 -7 )
The v a lu e  o f  Zg i s  sim ply th e  sum o f th e  z^  ^v a lu e  o f th e  s ta r t in g
p o in t and th e  v e r t i c a l  component o f  4.^. (F ig u re  2-1)
Zg = + t p  cos T) (2 -8 )
The az im u thal an g les  4^ and ig  a re  r e la te d  through th e  ang le  g be­
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-1  /  2 2  2 a
and from th e  law o f s in e s
s in  p = ( c / r g )  s in  a  
In  p r in c ip le  P could he c a lc u la te d  from e i th e r  o f th e  ahove e q u a tio n s . 
However, s in ce  some computer programming languages do no t in c o rp o ra te  
th e  in v e rse  s in e  and in v e rse  co sin e  fu n c tio n s  h u t do reco g n ize  th e  in ­
v e rse  tan g en t i t  i s  conven ien t to  c a lc u la te  p  from
p  = ta n ”^ ( s in  P /  cos p )
P = ta n ~ ^ ( -2 c r j^  s in  a )  /  (c^  - -  rg ^ )J  (2 -9 )
The p r in c ip le  v a lu es  o f  th e  ang le  g en era ted  hy th e  a rc ta n g e n t fu n c tio n  
in  a computer l i e  betw een - tt/ 2  and +tt/ 2 .  Since p has th e  range 
0 = p  =  TT i t  i s  n ecessa ry  to  add rr to  th e  ang le  g en era ted  hy th e  com­
p u te r  i f  i t  i s  n e g a tiv e .
The v a lu e  o f Ig  can he c a lc u la te d  from
< r <*g = + P 0 G i  TT (2 -10)
or
$g =  $ 1  -  p  TT i  G <  2TT ( 2 - 1 1 )
where i t  understood  th a t  $g i s  th e  p r in c ip le  v a lu e  o f th e  a n g le .
(0  i  $g i  2n)
The ra d iu s  to  im pact i s  d e riv ed  from F ig u res  2 -4  and 2-5 as
= (c^^ + r^ 2  _ 2cT^ cos a ) ^  (2 -12)
where
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Figure 2-5. Projection of Impact Radius Geometry
CHAPTER I I I  
THE DISTRIBUTION FUNCTIONS
Em ission P o in t S e le c tio n  
A d i f f e r e n t i a l  volume elem ent o f a r ig h t  c i r c u la r  c y lin d e r  can he 
expressed  as
dV = r  d r d i dz
To s e le c t  em ission  p o in ts  in  such a fa sh io n  th a t  th ey  w i l l  he u n i­
form ly d is t r ib u te d  th roughou t th e  c y l in d r ic a l  cloud re q u ire s  th a t  th e  
r a t i o  o f  th e  number o f p o in ts  in  dV to  th e  t o t a l  number o f p o in ts  
s e le c te d  he th e  same a s  th e  r a t i o  o f  dV to  th e  c y lin d e r volume.
Hence
^dV r  d r  d§ dz
N,




r  r  r  r  d r d$ dz
and th a t
f ( r ,  i ,  z) = ^  0
ttR T I
makes f ( r ,  z) th e  jo in t  p ro b a b i l i ty  d e n s ity  fu n c tio n . Since
f ( r ,  $,  z) d r  d§ dz can be w r it te n  as
/ 2 rd r \ /d $ \ /d z \
18
19
r ,  $ , z a re  independent v a r ia b le s  in  th e  p ro b a b i l i ty  sense . Hence
th e i r  in d iv id u a l d i s t r ib u t io n  fu n c tio n s  a re
ir
F (r)  = J
§
= )  i  =
o
I t  i s  shown in  Appendix B th a t  th e  re q u ire d  p ro b a b i l i ty  d i s t r i b u ­
t io n  can be s a t i s f i e d  by ta k in g  th e  d i s t r ib u t io n  fu n c tio n  equal to  a 
la rg e  number o f random numbers. T herefore
r  = R /R ^  (3 -1 )
# = 2rr R| (3 -2 )
z = H R^ (3 -3 )
where R denotes a random number fo r  x .
X
The s e le c t io n  o f em ission  p o in ts  un ifo rm ly  d is t r ib u te d  over th e  
base  o f th e  c y lin d e r i s  accom plished by s e t t in g  z = 0.
D ire c tio n  o f Em ission from a Volume Element
For is o tro p ic  em ission  from a volume elem ent th e  number o f photons 
reach in g  an elem ent o f  th e  su rfa ce  a rea  o f a u n i t  sphere  surrounding  
th e  volume elem ent must be p ro p o r tio n a l to  th e  a rea  o f th e  su rfa ce  e le ­
ment, Hence th e  r a t i o  o f th e  number h i t t i n g  a d i f f e r e n t i a l  su rface  
elem ent to  th e  t o t a l  number o f photons h i t t i n g  th e  sphere must equal 
th e  r a t i o  o f th e  a rea  o f th e  d i f f e r e n t i a l  elem ent to  th e  a rea  o f th e  
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Figure 3-2. Diffuse Emission from a Surface Element




^  -  s in  "n dTl de
2rr n
r  r  s in  T1 d-n d9 _ T
i J J
s in  Tj dT) d9 > «
s in U dTl <10 = ( S ln J L d J l ) ( | |)  
shows th a t  th e  p r o h a h i l i ty  d e n s ity  fu n c tio n s  fo r  T| and 0 a re
f(Tl) = ; f ( 8 ) = ^
These can he s a t i s f i e d  hy s e t t in g  th e  corresponding  d i s t r ib u t io n  
fu n c tio n s  equal to  random numbers. Hence
cos I] = 1 - 2E^ (3 -4 )
e = 2rrRg (3 -5 )
D ire c tio n  o f Em ission o f  a Photon from a D iffu se  Surface 
In  th e  case  o f  a d i f f u s e  em ission  from a su rfa ce  th e  in te n s i ty  ( l )  
o f th e  r a d ia t io n  i s  independent o f d i r e c t io n .  The geometry under con­
s id e r a t io n  i s  shown in  F igure  3 -2 . ■ S ince th e  in te n s i ty  i s  no t a func­
t io n  o f  d i r e c t io n  th e  energy p e r u n i t  tim e in c id e n t on a d i f f e r e n t i a l  
su rfa c e  elem ent o f a u n i t  hem isphere above dA can be expressed  as 
dE = I  cos 1) dujdA = I  s in  T) cos T| dT) d0 dA 
The t o t a l  energy p er u n i t  tim e in c id e n t on th e  su rfa ce  o f th e  
hem isphere i s  then
2n tt/ 2
E = J *  dE = d A l J j '  s in  T] cos T) dT) d0 
2rr 0 0
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E = 2 n  dA = TTdAI
The f r a c t io n  o f th e  t o t a l  number o f photons o r bundles o f equal 
energy em itted  by dA which s t r ik e  d s , a d i f f e r e n t i a l  su rface  elem ent 
is
^ds _ Œ  _ I  s in  T1 cos T] dTl d6 dA 
E TT I  dA
N
ds _ s in  T1 cos H dTl d9
TI
N oting th a t
and th a t
2 tt n / 2
r  P s in  T1 cos "H dTl d0 ^
j  i)
s in  Tl cos Tl > q
TT
g ives th e  p r o b a b i l i ty  d e n s ity  fu n c tio n s  fo r  7] and 0 as




F(T1) = s in S i 
These can be s a t i s f i e d  by tak in g
8 = 2TTRg (3 -6 )
and
B in ^  =
Since s i n ^  = 1 - cosS) one could a ls o  tak e
cos 1) = / I  - Rq
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or s in ce  1 - i s  j u s t  an o th er s e t  o f  random numhers
T) (3 -7 )cos
P robable P ath  Length 
In  tra v e r s in g  a p a th  th rough  an absorb ing  and s c a t te r in g  medium a 
beam o f photons i s  a tte n u a te d  in  p ro p o r tio n  to  i t s  in te n s i ty  and th e  
o p t ic a l  dep th  o f th e  p a th .
L et N be th e  number o f photons a t . le n g th  -t
be th e  number o f  photons a t  & = o
P be th e  mass e x t in c t io n  c o e f f ic ie n t
p be th e  mass density , o f th e  p a r t i c l e  cloud
Then
dîî = -ppN&L
I n te g ra t in g  between o and K^ , assuming pP co n stan t g iv es
j  TT = -p@ j  a t
No °
and
In  (N/N^) = -p p t 
The f r a c t io n  o f th e  number o f photons o r ig in a l ly  in c id e n t which 
rem ain a t  K> i s  th en
N/N^ = e 'P B t 
The f r a c t io n  removed a t  o r  p r io r  to  <t i s  th u s
1 - N/N^ = 1 -  e"P9^
This can be though t o f  as th e  p ro b a b i l i ty  th a t  th e  p a th  le n g th  w i l l  
be le s s  th an  o r eq u al to  -t, and as such i s  th e  d i s t r ib u t io n  fu n c tio n  fo r  
I .
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F i l )  = 1 - e-P&t 
Hence one may choose v a lu es  o f p robab le  p a th  le n g th  l ^  from
R = 1 _ e-P94p
P
g iv in g
^




In  t h i s  work a p r in c ip le  param eter i s  th e  o p t ic a l  d iam eter o f th e  
c y lin d e r . The c y lin d e r  i s  g iven  a p h y s ic a l d iam eter o f two. Thus
ppD = TAU = 2pp 
S u b s ti tu t in g  in  (3 -8 ) fo r  pp g ives
4p = - T§ü 1% (3 -9 )
I t  should  be n o te d .th a t  t h i s  re p re se n ts  th e  p a th  le n g th  in  a u n i­
form medium. S ince th e  c y lin d e r  has d e f in i t e  b u t f r e e  b o u n d a rie s , i f  
-tp i s  g re a te r  th an  th e  d is ta n c e  to  th e  c y lin d e r  b o u n d a rie s , th e  photon 
i s  considered  to  e x i t  th e  c loud .
S c a tte r in g  D ire c tio n  
The s c a t te r in g  fu n c tio n  s (T|,0) i s  d e fin ed  such th a t  th e  p ro b a b i l i ty  
o f a photon , which i s  s c a t te r e d  by a p a r t i c l e ,  le av in g  in  a d i r e c t io n  
con tained  in  th e  s o l id  an g le  dm' about a d i r e c t io n  (71^6) w ith  re s p e c t 
to  th e  d i r e c t io n  o f in c id en ce  i s  g iven  by
s(T),e) ( 3- 1 0 )
The geometry i s  i l l u s t r a t e d  in  F igure  3 -3 . E xpression  (3 -10) can be
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w r i t te n  as
^  s(Tl,e) s in  T1 dTl &6
which can he w r it te n
( |  s(Tl) s in  T1 d T l)(^  de) (3-11)
fo r  th e  axisym m etric s c a t te r in g  fu n c tio n s  used  in  t h i s  work. In  view 
o f ( 3- I I )  and s in ce  ( 3-IO) in te g ra te d  over W i s  equal to  one,
f(Tl) = I  s(T,) s in  T1 
f ( 9 )  = i




'Si “ i  J  ®3n H dTl ( 3- 13)
o
For is o tro p ic  s c a t te r in g  s(T|) = 1 so th a t
1 ^= I  J s in T l dTl 
o
or
cos % = 1 - 2 Rq (3-14)
which i s  th e  same as (3 -4 ) fo r  vo lum etric  em ission .
As an approxim ation to  th e  a n iso tro p ic  case , one can p lo t  th e  graph 
o f s (T1) s in  T1 fo r  0 s: T1 ^  tt as in  F igure  3-4 and approxim ate th e  graph 
hy t r i a n g le s  and re c ta n g le s  as in  F igure  3-5* The sum o f th e  a re a s  o f 
th e  t r i a n g le s  and re c ta n g le s  i s  th e  t o t a l  a rea  (A^) under th e  curve. 




In c id e n t Photon
F ig u re  3-3* Geometry o f S c a tte r in g
•H
T T0
F ig u re s -4 . Graph of SinY^ S(Yl)
0 77"
F igu re  3-5* Approxim ation o f 
Graph o f  SinirjS(Y|)
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and so lve  fo r  th e  T) which g iv e s  th e  c o r re c t  va lue  fo r  A. This i s  th e  
approach used  in  t h i s  work.
CHAPTER IV 
ANISOTROPIC SCATTERING
C oordinate T ransform ation  fo r  A n iso tro p ic  S c a tte r in g  
For a n is o tro p ic  s c a t te r in g  th e  s c a t te r in g  fu n c tio n  is  symmetric 
w ith  re s p e c t  to  th e  in c id e n t d i r e c t io n  o f th e  photon and can he d e s c r ib ­
ed in  term s o f  a p o la r  ang le  (T|) measured w ith  re s p e c t  to  th e  in c id e n t 
d ir e c t io n .  Since th e  in c id e n t d i r e c t io n  w i l l  no t norm ally  co in c id e  
w ith  th e  v e r t i c a l  i t  i s  n ecessa ry  to  o b ta in  r e l a t io n s  fo r  th e  p o la r  and 
azim uthal an g les  o f th e  d i r e c t io n  o f  s c a t t e r  as measured in  th e
u su a l re fe re n c e  co o rd in a te  system  in  term s o f th e  d i r e c t io n  of s c a t te r
(Tj,0) measured in  th e  a n iso tro p ic  s c a t te r in g  system  and th e  d i r e c t io n
of in c id en ce  ('Hq^Gq) measured in  th e  re fe re n c e  system . The ang les  
involved a re  i l l u s t r a t e d  in  F igure  ^ -1 .
C onsider a u n i t  v e c to r  in  th e  d i r e c t io n  o f s c a t t e r  (P ). Let R^, 
R^, R^ he i t s  components in  th e  s c a t te r in g  c o o rd in a te s  and R^, Ry, R^ , 
he i t s  components in  th e  re fe re n c e  c o o rd in a te s .
Then
R^ = s in  I) cos 0
Ry -  s in  T) s in  0 (4 -1 )




Figure 4-1. Anisotropic Scattering Coordinate Systems
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R = R siri 0 + R COS T| ces 0 + R s lu  T] cos 0 (4 -2 )X X  o y 'o 0 z 'o o
B- = -R cos 0 +  R cos T) s in  0 + R s in  1) s in  0I X  o y  'o o z o o
R_ = - R , s in  H + R cos T|^X y 'o z 'o
In  equations (4 -2 ) use  has "been made o f  th e  E u le rian  an g les  fo r  
lo c a tin g  one s e t  o f C a rte s ia n  co o rd in a tes  w ith  re fe re n c e  to  an o th er s e t  
having th e  same o r ig in .
The components in  th e  re fe re n c e  system can a ls o  be expressed  as
R^ = s in  1)  ^ cos 0j^
Ry = s in  s in  0^ (4 -3 )
\  = cos
Hence from (4 -3 ) , using the re la tion
ta n  X = s in  x /  cos x
one o b ta in s
= t a n ' l  (R^/R^) (4 -4 )
"Hi = t a n ' l  [R^/(Rg cos 0 ^ )]  (4 -5 )
The s o lu tio n  i s  o b ta in ed  by so lv in g  eq u a tio n s  (4 -1 ) and (4 -2 ) fo r
R^; Ry, and R^ and u s in g  th e se  v a lu es  in  (4 -4 ) and (4 -5 ) .
A pproxim ation Technique
The method o f approxim ating th e  d i s t r ib u t io n  fu n c tio n  fo r  a n iso ­
tro p ic  s c a t te r in g  i s  o u tl in e d  in  th e  l a s t  s e c tio n  o f C hapter I I I .  This 
s e c tio n  i s  devoted to  th e  d e r iv a t io n  o f s p e c if ic  ex p ress io n s  fo r  th e  
p o la r  ang le  Tl.
The ex p ress io n s  used f o r  c a lc u la t in g  1] in  th e  approxim ation fo r  
a n iso tro p ic  s c a t te r in g  a re  d e riv e d  w ith  th e  a id  o f F igure  4 -2 . By





Figure 4-2. Anisotropic Scattering Approximation
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dom number (E^) w ith  th e  p a r t i a l  sums o f th e  in d iv id u a l a re as  in  F igure 
h-2B one can determ ine th e  p o in ts  "between which T) must l i e .  The prob­
lem th u s  i s  reduced to  d e r iv in g  an e x p re ss io n  fo r  T) corresponding  to  
each o f th e  c o n d itio n s  in  F igure  4-2h ; c , d , e .
C onsider F igure  k-2b.  s i s  th e  a rea  o f a t r i a n g le .
s = A j = I  1)2 I
and s in ce  0 T|
n = + (2 (4-6)
Equation (4-6) g iv es  th e  c o r re c t  va lue  fo r  T) le s s  th an  a .
The ex p ress io n s  fo r  "between a and "b, "b and c , and c and d w i l l  
"be s im ila r .  The e x p re ss io n  v a l id  fo r  a < T] < "b i s  d e riv ed  "below.
C onsider F igure  4-2c. The a rea  s i s  th e  sum o f th e  a re as  o f a 
t r i a n g le  and a r e c ta n g le . Hence
= = ^  \  - =1 =
= - 1
T herefore
L e ttin g
g ives
Sg = (h -  a ) /  ( j  - h)
\  -  = 2 \  + 2 =2 (Rn A? - =1> = 0
Applying th e  q u a d ra tic  form ula g ives
\  = J=2 ^  -  2=2 \  - =1 ) ]  (k -7 )
Now
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3^3 = a ( ^ )  > = !> - 3
And s in ce
0 3 3 (b - e)
One must choose th e  n e g a tiv e  ro o t in  E quation  (4 -7 ) .
Thus
Tl = a + jSg - - 28g -  a ^ ) ]^  (4 -8 )
is  th e  ex p ress io n  sought.
For h < Tl < c
% = h + hs^  - [ (h s ^ )2  - 2s^(Rq A^ - c^) J  (4 -9 )
Ej^  = (c  - "b) /  (h  - g)
°1 = + Sg + E j
For c < Tl < d
Tl = c + gSg - [(g £ g )^  - 2sg (R^ A^ - Cg)]^ (4-10)
Sg = (d  - c) /  (g  - f )
°2  = =1 + =2 + *3 + =4 + *5
The ex p ress io n  fo r  d < Tj < e i s  d e riv ed  u s in g  F igure  4 -2d . The
a re a (s )  i s  ag a in  considered  as  th e  sum o f th e  a re a s  o f a re c ta n g le  and 
a t r i a n g le .
D efin ing  c^ = + a^ + a^
or
+  2 *  = 8  \  -  2 = 8  ' ' t  -  “ s '  = °  ( 4 - 1 1 )
■where
Sg = (e  - d) /  ( i  -  f )
3 4
Solving (4-11) for Tig gives
\  = -^=8 + + 2=8 («n ^  (4 -12)
where the p o sitiv e  root is  required hecause of the negative f i r s t  term 
and the n ecessity  for p o sitiv e  Tig.
Thus
Tl = d - fsg  -H [ ( f s g )2  2sq - cy)]2 (4-13)
The f in a l expression for e < Tl < n comes from Figure 4-2e.
P = i  (n - %) (ît - Tl) = (1 - Rq)A^
( tt -  Tl)  ^ =  2 ( tt - e ) ( l  - E^)A^/i 




=  [ 2 ( tt - e )A ^ /i] ‘
Tl = n - Sio ( l  - B^)^ (4 -l4 )
The A n iso tro p ic  S c a tte r in g  Function  
The a n iso tro p ic  s c a t te r in g  fu n c tio n  used in  t h i s  work i s  b e lie v e d  
to  he re p re s e n ta t iv e  o f  th e  s c a t te r in g  fu n c tio n  o f a d i s t r ib u t io n  o f a lu ­
minum oxide p a r t i c l e s  in  a ro c k e t exh au st. B artky and Bauer in  r e f e r ­
ence (24) p re se n t s c a t te r in g  fu n c tio n  curves fo r  two r e p re s e n ta t iv e  
p a r t i c l e  d i s t r ib u t io n s  a t  a tem peratu re  o f 1700° C and fo r  s e v e ra l wave­
len g th s  o f r a d ia t io n .  The curves a l l  have th e  same g e n e ra l shape.
The s c a t te r in g  fu n c tio n  chosen fo r  t h i s  work has th e  same g e n e ra l 
shape as th o se  o f B artky  and Bauer and i s  shown in  F igure  4-3. The 
shape i s  assumed no t to  v a ry  w ith  tem peratu re  o r w avelength o f  r a d ia t io n .
CS(iq)
F ig u r e  4 - 3 .  
S c a t t e r in g  F u n c tio n
210 v s
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110
C i s  a r b i t r a r y
,010 '
60 180120 150900 30
n - ^
F ig u r e  4 - 4 .  
S c a t t e r in g  A p p roxim ation70 .
vs
60 .
P o la r  A n g le
CS(7|)sinT^
a p p ro x im a tio n
30 .
10 .
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The s c a t te r in g  fu n c tio n  approxim ation as  d e sc rib e d  in  th e  p reced ­
ing  s e c tio n  i s  a p p lie d  (se e  F igure  4 -4 ) g iv in g  th e  fo llo w in g  v a lu es  fo r  
th e  approxim ation  p aram ete rs .
a = 8 f = 1
b' = 20 g = 20
c = 6o h = 4o
d = 120 i = 12
e = 170 j = 8o
R ayleigh S c a tte r in g  Approxim ation 
The R ayleigh  s c a t te r in g  fu n c tio n  i s  commonly expressed  as 
•^(l + c o s ^ )  where T) i s  th e  p o la r  ang le  between th e  d i r e c t io n  o f in c i ­
dence and th e  d i r e c t io n  o f s c a t t e r .  For t h i s  s c a t te r in g  fu n c tio n  th e  
p r o b a b i l i ty  d e n s i ty  fu n c tio n  f o r  T) i s
f(%) = | ( 1  + c o s ^ )  s in  Tl (4-15)
Applying th e  s c a t te r in g  approxim ation to  (4 -1 5 ) , see F igure  4 -5 , 
g iv e s  th e  fo llo w in g  v a lu es  fo r  th e  approxim ation  p aram ete rs .
a = 45 f = .98
b = 45 . 01^ g = 1.1395
c = 45 . 02^ h = 1.1397
d = 90 i = l . i 4 o
e = 135 J = l . l 4 o
These v a lu es  a re  e s s e n t ia l ly  4$ o r l . l 4 0 .  They a re  used to  e lim ­
in a te  two s e ts  o f  t r i a n g le s  and re c ta n g le s  from th e  approxim ation w ith ­
ou t en co u n te rin g  in te r n a l  d i f f i c u l t i e s  which would occur in  th e  computer 
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Figure 4-5. Rayleigh Scattering Approximation
CHAPTER V
NUMERICAL DATA
The num erical d a ta  p re sen te d  in  t h i s  s e c tio n  c o n s is ts  o f th e  compu­
t e r  o u tp u t fo r  th e  v a rio u s  cases co n sid e red . The d a ta  i s  p re sen te d  in  
ta b u la r  (com puter p r in to u t)  and g ra p h ic a l form.
The computer o u tp u t l i s t i n g s  a re  la rg e ly  s e l f  ex p lan a to ry . The 
va lu es  in d ic a te d  fo r  A through  J  a re  th e  param eters fo r  th e  a n is o tro p ic  
s c a t te r in g  approxim ation  d e sc rib e d  in  C hapter IV. The number o f  em is­
sio n s  corresponds to  th e  number o f photons tra c e d  from o r ig in a l  em ission  
to  e x i t  from th e  c loud . The number "OUTSIDE" i s  th e  number o f h i t s  in  
th e  base p lane  o u ts id e  th e  a rea  covered by th e  r in g s .
In  th e  case o f em ission  from th e  su rfa c e  th e  value g iven  f o r  each 
r in g  i s  th e  r a t i o  o f  th e  number o f h i t s  p e r u n i t  a rea  in  th e  n th  r in g  
d iv id ed  by th e  number o f  em issions p e r u n i t  a rea  from th e  base  s u rfa c e . 
This corresponds to  s p e c tr a l  f lu x  in c id e n t on r in g  n d iv id ed  by th e  
s p e c t r a l  f lu x  em itted  by th e  s u rfa c e . I t  w i l l  be c a l le d  f lu x  r a t i o .
For em ission  from th e  c loud th e  va lue  g iven  fo r  th e  n th  r in g  i s  
th e  number o f h i t s  in  r in g  n d iv id ed  by th e  p roduct o f th e  number o f 
o r ig in a l  em issions and a f a c to r  (2n - l ) .  Flux c a lc u la t io n s  r e q u ire  
th e  ( 2n - l )  f a c to r .  The r a t i o  o f  h i t s  in  r in g  n to  th e  number o f  o r ig ­
in a l  em issions corresponds to  th e  s p e c t r a l  energy in c id e n t on r in g  n
38
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d iv id ed  by th e  s p e c t r a l  energy  le av in g  th e  c loud . I t  -w ill he c a l le d  
energy r a t i o .
The g ra p h ic a l p re s e n ta t io n s  a re  f lu x  r a t i o  vs ra d iu s  r a t i o  and en­
ergy  r a t i o  vs ra d iu s  r a t i o .  The ra d iu s  r a t i o  i s  th e  ra d iu s  in  th e  hase  
p la n e , from th e  c e n te r  o f th e  cloud to  th e  p o in t c o n sid e red , d iv id ed  hy 
th e  ra d iu s  o f th e  c loud . The p o in t fo r  each r in g  i s  p lo t te d  a t  a ra d iu s  
r a t i o  corresponding  to  th e  ra d iu s  o f  th e  a r e a l  b i s e c to r  o f  th e  r in g .
The curve through  th e  p o in ts  i s  th e  a u th o r 's  e s tim a te  o f  h e s t  f i t .  The 
cases considered  a re  l i s t e d  in  Tables V-1 and V-2.
TABLE V-1
CASES CONSIDERED FOR EMISSION 
FROM CYLINDRICAL CLOUD
T h/ d O'/e SCAT Pages
.5 5 1 I 41 ,67
1 5 1 I 42 ,67
2 5 1 I 43 ,68
2 10 1 I 44 ,68
2 20 1 I 45,69
2 5 1 A 46,69
5 5 1 I 47,70
5 5 1 A 48,71
10 5 1 I 49,72
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TABLE V-2
CASES CONSIDERED FOR EMISSION PROM BLACK SURFACE 
AT BASE OF CYLINDER
T h/ d cr/p SCAT RADEQ Pages
.5 5 1 I - 50,73
•5 5 1 A - 51,74
1 5 1 I - 52,75
1 5 1 A - 53,76
1 5 1 R - 54,77
2 5 1 I - 55,78
2 5 1 A - 56,79
2 5 1 R - 57,80
2 10 1 I - 58,81
2 10 1 A - 59,82
2 20 1 I - 60,83
2 5 •5 I No 61,84
2 5 .5 A Yes 62,85
5 5 1 I - 63,86
5 5 1 A - 64,87
10 5 1 I - 65,88
10 5 1 A - 66,89
BossiDK nm ciLnnaeu. cum
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO
0 .5 0 0
5 .0 0 0
BASE HEIGHT TO DIAMETER RATIO 
SCATTERING TO EXTINCTION RATIO 
ISOTROPIC SCATTERING
- 0 .0 0 0
1 .0 0 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES 
200000 0 0 79228 100144
OUTSIDE
32173
HITS/EM ISSI0NS/(2N -l)rRING WIDTH* 0.50R
1 0 .0 1 50 10 00  2 0 .0 1291500 3 0 .00 545300 4 G .00314714
5 0 .0 0 2 1 5 3 8 9  6 0 .0 0 15 81 82  
9 0 .0 0 0 8 1 7 6 5  10 0 .0 0 06 60 00  




0 .0 01 25 92 3
0 .0 0 0 5 4 6 9 0




0 .0 00 9 8 8 0 0
0 .0 00 4 7 8 0 4
0 .00028161
17 0 .0 0 0 2 3 8 9 4  18 0 .0 00 20 64 3  
21 0 .0 0 0 1 5 5 0 0  22 0 .00014 55 8  




0 .0 0 0 20 14 9
0 .0 0 0 12 44 4





0 .0 00 12 07 4
0 .00007891
>-N
29 0 .0 0 0 0 7 8 4 2 30 0 .0 0 0 0 6 8 6 4
Bossioir fBOM cnimicAL cum
CYLINDER OPTICAL DEPTH 1 .0 0 0
HEIGHT TO DIAMETER RATIO 5 .0 0 0
BASE HEIGHT TO DIAMETER RATIO - 0 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
ISOTROPIC SCATTERING
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE 
200000 0 0 160497 100330 34578
HITS/EM ISSI0NS/I2N-1VRING WIDTH* O.SQR
1 0 .0 1 4 3 0 5 0 0  
5 0 .0 0 1 9 7 5 0 0  
Ç 0 .0 0 0 7 7 5 5 9  
13 0 .0 0 0 3 9 8 0 0  
17 0 .0 0 0 2 4 8 0 3  
21 0 .0 0 0 1 5 6 1 0  
25 0 .0 0 0 1 2 0 4 1  
29 0 .0 0 0 0 7 5 6 1
2 0 .0 1 2 0 9 6 6 6  
6 0 .0 0 1 4 4 6 8 2  
10 0 .0 0 0 65 86 8  
14 0 .0 0 0 3 6 2 4 1  
18 0 .0 0 0 2 1 8 4 3  
22 0 .0 0 0 1 5 4 1 9  
26 0 .0 0 01 03 24  
30 0 .0 0 0 0 7 4 9 2
3 0 .0 0 4 6 0 4 0 0 4 0 .00278286
7 0 .0 0 1 1 7 6 1 5 8 0 .0 0 0 94 06 7
11 0 .0 0 0 55 85 7 12 0 .0 00 4 7 6 0 9
15 0 .0 0 0 30 17 2 16 0 .0 00 27 38 7
19 0 .0 0 0 20 20 3 20 0 .0 00 17 71 8
23 O.CQ013100 24 0 .00012191
27 0 .0 00 08 60 4 28 0 .0000 83 55
BfzssioN mow cm iiim icA L cioud
CYLINDER OPTICAL DEPTH 2.00C
HEIGHT TO DIAMETER RATIO 5.00C
BASE HEIGHT TO DIAMETER RATIO -O.DOO
SCATTERING TO EXTINCTION RATIO l.COO
ISOTROPIC SCATTERING
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS HISSES OUTSIDE 
100000 0 0 173681 50022 17948
&
HITS/EM ISSI0NS/(2N-1),RING WIDTH» 0.50R
1 0 .0 1 4 2 5 0 0 0 2 Q«01260000 3 0 .0 04 46 40 0 4 0 .0 0 2 73 14 3
5 0 .0 0 1 7 6 3 3 3 6 C .00137182 7 0 .0 0 1 12 76 9 8 0 .0 00 86 13 3
9 0 .0 0 0 7 1 4 1 2 10 0 .0 00 6 5 3 1 6 11 0 .0 00 54 09 5 12 0 .00 04 72 17
13 0 .0 0 0 3 9 8 0 0 14 0 .0 0 0 3 5 8 8 9 15 0 .0 00 31 17 2 16 0 .00 02 74 19
17 0 .0 0 0 2 3 6 9 7 18 C .00022314 19 0 .00020081 20 0 .00017 23 1
21 0 .0 0 0 1 6 0 0 0 22 0 .0 0 0 14 97 7 23 0 .0 0013556 24 0 .0 00 12 48 9
25 0 .0 0 0 1 0 9 8 0 26 0 .0 0 0 0 9 9 0 2 27 G.CC009849 28 0 .00 009200
29 0 .0 0 0 0 8 0 8 8 30 O.OOOC7203
BdSSlOK FBOM CILDDRICAL CÜOUD
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO
2 .0 0 0
10.000
BASE HEIGHT TO DIAMETER RATIO - 0 . 0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
ISOTROPIC SCATTERING _______________________
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS HISSES OUTSIDE 
200000 0 0 370953 100079 57700
HITS/EM ISSI0NS/(2N-1),RING WIDTH» 0.50R
I 0 .0 0 6 8 4 5 0 0
5 0 .0 0 0 9 8 6 1 1  
9 0 .0 0 0 4 5 7 6 5  
13 0 .0 0 0 2 9 1 0 0
17 0 .0 0 0 1 8 4 3 9  
21 0 .0 0 0 1 4 8 2 9  
25 0 .0 0 0 1 0 9 1 8
29 0 .0 0 0 0 8 4 2 1
2 0 .0 0 59 31 66
6 0 .0 0 0 7 6 4 5 5  
10 0 .0 0 0 4 0 8 1 6  
14 0 .0 0 0 2 6 3 8 9
18 0 .0 0 01 77 14  
22 0 .0 0 0 1 2 4 4 2  
26 0 .00 0 1 0 4 5 1
30 0 .0 0 0 0 8 0 5 9
3 0 .0 0 2 1 3 9 0 0
7 0 .00 065192  
11 0 .00 033952  
15 0 .0 0 0 2 2 7 9 3
19 0 .0 0 0 1 6 1 6 2  
23 0.0C012211 
27 0 .0 0 00 89 34
_4 0 .0 0 1 3 1500 
8 0 .00053667  
12 0 .00030696  
1J5 0 .0 0 020952 
20 0 .00 015090  
24 0 .00010585  
28 0 .00008191
EMISSION n m  CIUNDRICAL CLOOD
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO
2 .0 0 0
2 0 .0 0 0
BASE HEIGHT TO DIAMETER RATIO - 0 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
ISOTROPIC SCATTERING
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE 
200000 0 0 381086 99948 71558
HITS/EM ISSI0NS/(2N-1),RING WIDTH» 0.50R
1 0 .0 0 4 7 1 5 0 0
5 0 .0 0 0 6 1 2 7 8  
9 0 .0 0 0 2 9 2 9 4  
13 0 .0 0 0 1 8 5 2 0
17 0 .0 0 0 1 3 4 0 9  
21 0 .0 0 0 0 9 6 3 4  
25 0 .0 0 0 0 7 8 5 7
29 0 .0 0 0 0 6 4 6 5
2 0 .0 0 3 9 2 6 6 7  
6 0 .0 0 0 4 8 4 0 9  
10 0 .00 02 53 95  
14 0 .0 0 0 1 7 3 7 0
18 0 .0 0 0 1 1 0 8 6  
22 0 .00 00 84 42  
26 0 .0 0 0 0 7 0 2 9
3 _ 0 .00142500 
7 0 .0 0 0 39 00 0  
11 0 .0 0 0 2 2 6 1 9  
15 0 .00014621  
19 0 .0 0 0 1 1 8 2 4  
23 0 .0 0 0 0 8 9 8 9  
27 0 .0 0 0 07 03 8
30 0 .0 0 0 0 5 7 7 1
4 0 . 0 0089500 
8 0 .00 0 3 4 4 6 7  
12 0 .00020 63 0  
16 0 .00013 59 7
20 0 .00 01 10 13  
24 0 .0000 84 15  
28 0 .00006582
BOSSIDH fBOM CYWmRICil CIOÜD
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO 
BASE HEIGHT TO DIAMETER RATIO 
SCATTERING TO EXTINCTION RATIO 
ANISOTROPIC SCATTERING
2 . 0 0 0
5 .0 0 0  
> 0.000
1.000
A> 8 .0 0 0 0  B* 2 0 .0 0 0  C* 6 0 .0 0 0  0= 120 .000  E=170.000
F» 1 .0 0 0 0  G= 2 0 .0 0 0  H« 40.000. 1= 1 2 .0 0 0  J= 8 0 .00 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE 
100000 0 0 149866 49773 16671
H IT S/E M ISSI0N S/(2N -i;,R IN G  WIDTH* 0.50R
1 0 .0 1 3 24 00 0 2 0 .0 1 3 8 8 0 0 0 3 0 .0 0 5 0 1 0 0 0 4 0 .0028 68 57
5 0 .0 0 20 32 22 6 0 .0 0 1 5 4 4 5 5 7 0 .0 0118462 8 0 .00 105267
9 0 .0 0 07 98 82 10 0 .0 0 0 6 4 7 3 7 11 0 .0 0 0 5 8 6 6 7 12 0 .0 00 45 95 7
13 0 .0 0 0 42 08 0 14 0 .0 0 0 3 5 7 7 8 15 0 .00 033172 16 0 .0 00 28 09 7
17 0 .0 0 0 2 3 3 9 4 18 0 .0 0 0 2 2 1 4 3 19 0 .0 00 20 9 46 20 0 .00 01 76 67
21 0 .0 0 0 1 5 5 3 7 22 0 .0 0 0 1 4 4 1 9 23 0 .0 00 1 2 4 4 4 24 0 .00012511
25 0 .0 0 0 10 51 0 26 0 .0 00 09 41 2 27 0 .00009132 28 0 .00008691
29 0 .0 0 0 07 14 0 30 0 .0 0 0 0 6 7 8 0
EMISSION PROM CTUHDRICAL CIOUD
CYLINDER o pt ic a l  DEPTH 
HEIGHT TO DIAMETER RATIO
5 .0 0 0
5 .0 0 0
BASE HEIGHT TO DIAMETER RATIO - 0 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
I  SOTRJC PJ C_ SCATTERING_____________________________________
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE





v * v io  f CUW
0 .0 01 5 4 8 8 9 6








9 0 .0 00 65 05 9 10 0 .0 0 05 86 32 11 0 .0 0 0 49 71 4 12 0 .00042000
13 0 .0 00 3 7 5 6 0 14 0 .0 0 03 34 44 15 QU00029586 16 0 .00026548
17 0 .0 00 23 93 9 18 0 .0 0 0 2 2 9 1 4 19 0 .0 00 19 78 4 2C 0 .00016897
21 0 .00 01 65 37 22 0 .0 0 0 14 53 5 23 0 .0 0 0 14 00 0 24 0 .00012851
25 0 .00011 87 8 26 C .00011333 27 0 .0 0 0 09 84 9 28 0 .00009455
29 0 .0 0 0 0 7 8 9 5 30 0 .0 0 0 0 7 3 9 0
HCESSIDH FROM CTLIRDRICAL CLOUD
CYLINDER OPTICAL DEPTH 5 .0 0 0
HEIGHT TO 01 AH_ETEA. RAT I0_   5 .0 0 0
BASE HEIGHT TO DIAMETER RATIO - 0 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 00
ANISOTROPIC SCATTERING
A» 8 .0 0 0 0  2 0 .0 0 0  C« 6 0 .0 0 0  0 = 1 2 0 .0 0 0  E«170.000
F= 1 .0 0 0 0  G= 2 0 .0 0 0  H* 4 0 .0 0 0  1= 1 2 .0 0 0  J= 80 .00 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE 
100000 0 0 415554 49927 17941
&
HITS/EM ISSI0NS/(2N-1),RING WIDTH» 0.50R
1 0 .0 1 2 8 8 0 0 0  
5 0 .0 0 1 7 3 7 7 8  
9 0 .0 0 0 7 3 6 4 7  
13 0 .0 0 0 3 9 3 2 0  
17 0 .Ô 0024515 
21 0 .0 0 0 1 4 8 0 5  
25 0 .0 0 0 1 1 5 1 0  
29 0 .0 0 6 0 7 3 6 8
2 0 .0 1 53 76 66  
6 6 .0 0 1 3 1 8 1 8  
10 0 .0 0 0 6 5 0 5 3  
14 0 .0 0 0 3 6 5 1 9  
18 0 .0 0 0 2 1 4 5 7  
22 0 .0 0 0 1 4 2 0 9  
26 0 .0 0 0 1 0 0 7 8  
30 6 .60 00 76 10
3 0 .00 42 4 20 0  
7 0 .0 01 03 92 3  
11 0 .00052333  
15 0 .00031621  
19 0 .00019 1 08  
23 0 .0 00 13 53 3  
27 0 .00009340
4 0 .00 24 57 14  
8 0 .00086733  
12 0 .00044522  
16 0 .0002 80 65  
20 0 .0 00 1 9 4 3 6  
24 0 .00012255  
28 0 .0 00 08 30 9
SOSSIOFFSCM GTLnaXtlCiL CIODD
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO
BASE HEIGHT TO DIAMETER RATIO 
SCATTERING TO EXTINCTION RATIO 
ISOTROPIC SCATTERING
1 0 .0 0 0
5 .0 0 0
- 0.000
1 .0 0 0
EMIS^SIONS REENISSIGNS ABSORPTIONS SCATTERINGS MISSES OUTSIDE 
100000 0 0 1555672 A9826 18637
HITS/EMISSI0NS/I2N-] ), RING WIDTH* 0.50R
I 0 .0 2 1 0 1 0 0 0  
5 O.OÔ147778 
9 0 .0 0 0 6 3 7 6 5  
13 0 .0 0 0 3 4 4 8 0  
17 0 .0 0 0 2 2 2 1 2  
21 0 .0 0 0 1 5 5 8 5  
25 0 .0 0 0 1 0 2 0 4  
29 0.0OOÔ80OO
2 0 .0 2 0 9 3 0 0 0  
6 0 .6 0 1 0 7 7 2 7  
10 0 .00052 63 2  
14 0 .0 0 0 3 1 7 7 8  
18 0 .0 0 0 2 0 1 4 3  
22 0 .0 0 0 1 4 2 5 6  
26 0 .0 0 0 0 9 7 4 5  
30 0 .0 0 0 0 7 1 0 2
3 0 .0 0 3 6 1 2 0 0  
7 0 .00084692  
11 0 .00044381  
15 0 .0002 85 52  
19 0 .0 0 0 18 73 0  
23 0 .0 00 13 17 8  
27 0 .0 0 0 08 90 6
4 0 .0 0193429  
8 0 .00 07 24 67  
12 0 .0 00 39 91 3  
16 0 .0 0025355  
20 0 .0 0 01 71 79  
24 0 .00 011915  
28 0 .00008 65 5
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO
0 .5 0 0
5 .0 0 0
'
SCATTERING TO EXTINCTION RATIO 
ISOTROPIC SCATTERING
1 .0 0 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE
200000 0 0 107194 157435 4488
FLUX RATIO,RING WIDTH» 0.50R
1 0 .1 0 4 6 5 9 9 8  2 
5 0 .0 0 4 2 4 0 0 0  6
0 .0 7 7 8 5 3 3 0
0 .0 0 2 8 0 9 0 9
3
7
0 .0 1 9 0 5 1 9 9
0 .0 0 1 9 5 8 4 6
4
8
0 .0 0 8 0 6 0 0 0
0 .0 0 1 3 7 8 6 7
9 0 .0 0 0 9 6 7 0 6  10 
13 0 .0 0 0 4 0 7 2 0  14 
17 0 ,0 0 0 2 0 7 8 8  18
0 .00082737





0 .00 0 6 9 0 4 8
0 .0 0 0 2 9 7 2 4





0 .00 0 2 3 2 2 6  
0 .0 0 0 1 4 1 5 4
21 0 .0 0 0 1 1 0 2 4  22 
25 0 .0 0 0 0 7 1 4 3  26 
29 0 .0 0 0 0 5 2 2 8  30
0 .0 0 0 1 0 9 3 0  




0 .0 0 0 0 9 2 0 0
0 .0 0 0 0 6 0 3 8
24
28
0 .0 0 0 0 8 2 1 3
0 .0 0 0 0 5 5 8 4
o
EMSSICN FRCP BLACK SURFACE AT BASE OF CYLINDER
CYLINCER CPT1CÂL CERTN 
HEIGHT TO CIAMETE* RATIO
0 .9 0 0
9 .0 0 0
SCATTERING TC EXTINCTION RATIO 
AMSCTRCPIC SCATTERING
1 .0 0 0
A# 8 .0 0 0 0  B« 2 0 .0 0 0  C« 6 0 . 000 0 * 1 2 0 .0 0 0  E*1TC1 éCOC
F» 1 .0 0 0 0  G> 2 0 .0 0 0  H» 4 0 . 000 1* 1 2 .0 0 0  J«  80i.CCG
EPISSlClfS REEMISSIONS ABSORPTIONS SCATTERINGS HISSES CUTSlOE
200000 0 0 114252 179193 2255
FLUX RATICpRING WIDTH* O.SOR
1 0 .0 5 1 8 9 9 9 9  2 0 .041 4 6 6 6 5  
5 0 .0 0 2 0 9 1 1 1  6 0 .0 0 1 2 1 6 3 6
3 0 .01031200  
7 0.CCC78462
4 0 .0 0 4 0 2 0 0 0  
€ C .00096133
9 0 .0 0 0 4 5 5 2 9  10 0 .0 0 0 3 3 1 5 8  
13 0 .0 0 0 1 6 9 6 0  14 0 .0 0 0 1 3 3 3 3  
17 0 .0 0 0 0 8 3 6 4  18 0 .0 0 0 0 6 8 5 7
11 0 .0 0 0 2 9 1 4 3  
19 0 .0 0 0 1 2 0 0 0  
19 0 .0 0 0 0 6 8 1 1
12 0 .000 1 9 2 1 7  
16 € .0 0 0 0 9 0 9 7  
20* 0 .0 0 0 0 6 1 9 4
21 0.010005317 22 0 .000 0 4 3 7 2  
25 0 .0 0 0 0 3 2 6 5  26 0 .00002431  
29 0 .0 0 0 0 2 2 4 6  30 0 .00001932
23 C.0CCG3911 
27 C.CCCC2264
24 0 .0 0 0 0 3 7 8 7  
28 0 .00 0 0 2 4 7 3
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 1 .0 0 0
HEIGHT TO DIAMETER RATIO 5 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
ISOTROPIC SCATTERING
EMISSIONS REEMISSIONS ABSORPTIONS 
200000 0 0
SCATTERINGS MISSES CUTSlOE 
188310 135867 4991
FLUX RATIO,RING WIDTH* O.SOR
1 0 .1 7 5 2 7 9 9 6 2 0 .1 3 8 1 7 9 9 4 3 0 .0 2 9 8 1 1 9 9 4 0 .0 1 1 6 3 4 2 8
5 0 .0064577B 6 0 .0 0 3 9 5 2 7 3 7 0 .0 0 2 7 3 0 7 7 8 0 .0 0 1 8 8 0 0 0
9 0 .001405B 8 10 0 .0 0 1 0 9 6 8 4 11 0 .0 0 0 8 1 1 4 3 12 0 .0 0 0 6 6 3 4 8
13 0 .0 0 0 5 4 5 6 0 14 0 .0 0 0 4 2 6 6 7 15 0 .0 0 0 3 8 1 3 3 16 0 .0 0 0 3 0 8 3 9
17 0 .0 0 0 2 6 5 4 5 18 0 .0 0 0 2 1 6 5 7 19 0 .00 0 1 9 7 8 4 20 0 .0 0 0 1 6 7 1 8
21 0 .0 0 0 1 4 7 3 2 22 0 .0 0 0 1 3 2 5 6 23 0 .0 0 0 1 1 5 5 6 24 0 .0 0 0 1 0 3 4 0
25 0.000093B B 26 0 .0 0 0 0 9 0 2 0 27 0 .0 0 0 0 7 0 1 9 28 0 .0 0 0 0 5 5 2 7
29 0 .0 0 0 0 6 5 6 1 30 0 .0 0 0 0 4 6 1 0
EMSSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 1 .0 0 0  
HEIGHT TO DIAMETER RATIO 5 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0  
ANISOTROPIC SCATTERING
A» 8 .0 0 0 0 B* 20 .0 0 0  C* 6 0 .0 0 0  0 * 1 2 0 .0 0 0 E*170.C00
F= I . 0000 G= 20 .0 0 0  H= 4 0 .0 0 0  I*  1 2 .0 0 0 J*  8 0 .COO
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS HISSES OUTSIDE
125000 0 0 127418 102950 2065
FLUX RATIO,RING WIDTH* 0.50R
I 0 .0 8 6 3 6 7 9 9  
5 0 .003 5 2 3 5 5
2
6
0 .0 7 2 8 9 5 9 8  3 0 .0 1 8 0 7 3 5 9  
0 .0 0 2 1 0 9 0 9  7 0 .00146215
4 0 .0 0 6 6 1 4 8 6  
8 0 .001 0 4 9 6 0
9 0 .000 6 8 5 1 8  
13 0 .000 3 2 0 0 0  




0 .0 0 0 5 0 1 8 9  11 0 .000 5 0 5 9 0  
0 .0 0 0 2 6 6 6 7  15 0 .0 0 0 1 8 7 5 9  
0 .0 0 0 1 3 3 4 9  19 0 .0 0 0 1 0 7 2 4
12 0 .00036313  
16 0 .00017858  
20 0 .00008862
21 0 ,000 0 7 1 8 0  





0 .0 0 0 0 7 1 4 4  23 0 .00 0 0 6 2 5 8  
0 .0 0 0 0 5 1 4 5  27 0 .00004106  
0 .000 0 2 6 0 3
24 0 .00006672  
28 0 .00003258
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 1 .0 0 0
HEIGHT TO DIAMETER RATIO 5 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
ANISOTROPIC SCATTERING
A«A5.0000 B« 4 5 .0 1 0  C« 4 5 .0 2 0  D» 9 0 .0 0 0  E «135 .000
F« 0 .9 8 0 0  1 .1 4 0  H» 1 .1 4 0  I»  1 .1 4 0 1 .1 4 0
EMISSIONS REEMISSIONS ABSORPTIONS 
100000  0  0
SCATTERINGS MISSES OUTSIDE 
91812 68837 2163
FLUX RATIO,RING WIDTH» O.SOR
1 0 .1 6 7 3 5 9 9 8  
5 0 .0 0 6 6 7 5 5 5  
9 0 .0 0 1 3 8 3 5 3
2 0 .1 3 0 9 9 9 9 7  
6 0 .0 0 4 1 0 1 8 2  
10 0 .0 0 0 9 7 8 9 5
3 0 .0 3 2 2 4 7 9 9  
7 0 .0 0 2 6 4 3 0 8  
11 0 .0 0 0 8 0 1 9 0
4 0 .01235428  
8 0 .00 1 8 8 2 6 7  12 O.000&4522
13 0 .0 0 0 5 1 0 4 0  
17 0 .0 0 0 2 7 0 3 0  
21 0 .0 0 0 1 6 0 9 8
14 0 .0 0 0 3 7 1 8 5  
18 0 .0 0 0 2 1 6 0 0  
22 0 .00 0 1 0 7 9 1
15 0 .000 3 3 9 3 1  
19 0 .0 0 0 1 7 7 3 0  
23 0 .0 0 0 0 9 3 3 3
16 0 .0 0 0 2 7 4 8 4  
20 0 .00 0 1 5 7 9 5  
24 0 .000 0 9 8 7 2
25 3 .0 0 0 0 9 1 4 3  
29 0 .0 0 0 0 5 8 9 5
26 0 .0 0 0 0 7 3 7 3  
30 0 .0 0 0 0 4 4 0 7
27 0.00005509 28 0.00005018
EMSSICN FPCK BLACK SURFACE AT BASE OF CYLINDER
CYIIKCER OPTICAL CEPTH 
HEIGPT TO CIAPETER RATIO
2 .0 0 0  
5 .0 0 0
SCATTERING TC EXTINCTION RATIO 
ISCTRCPIC SCATTERING
l.CCC
EPISSIICNS REERISSIQNS ABSORPTIONS SCATTERINGS PISSES CLISIDE
100000 C 0 167430 55650 226G
FLUX PATIC,RING WICTF= C.50R
1 0 .278 5 5 9 9 7  2 










0 .00 2 1 6 8 0 0
9 C.C0161412 10 
13 C .C0059840 14 
17 0 .0 0 0 2 5 2 1 2  18















21 0 .0 0 0 1 7 0 7 3  22 












€ .00 0 0 6 5 4 5
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO 
SCATTERING TO EXTINCTION RATIO
2 .0 0 0
5 .0 0 0
1 .0 0 0
ANISOTROPIC SCATTERING
As B.OOOO B« 2 0 .0 0 0  C# 6 0 . 000 0 * 1 2 0 .0 0 0 E *170 .000
F *  1 .0 0 0 0  G« 2 0 .0 0 0  H# + 0 . 000 I#  1 2 .0 0 0 8 0 .0 0 0
EMISSIONS REEMISSIONS ABSORPTIONS 
lOOOOO 0 0
SCATTERINGS MISSES OUTSIDE 
179094 72180 1990
FLUX RATIO,RING WIDTH# O.SOR
1 0 .1 4 2 7 5 9 9 8  2 0 .1 2 6 8 1 3 3 0  
5 0 .0 0 5 2 0 4 4 4  6 0 .0 0 3 4 1 4 5 4  
9 0 .0 0 1 1 3 1 7 6  10 0 .00080211
3 0 .0 2 9 3 5 1 9 9  
7 0 .0 0 2 2 6 7 6 9  
11 0 .0 0 0 6 0 0 0 0
4 0 .01032571  
8 0 .00165867  
12 0 .0 0 0 5 3 0 4 3
13 0 .0 0 0 3 9 3 6 0  14 0 .0 0 0 3 2 4 4 4  
17 0 .0 0 0 2 2 1 8 2  18 0 .0 0 0 1 7 8 2 9  
211 0 .0 0 0 1 0 9 2 7  22 0 .0 0 0 0 9 2 0 9
15 0 .0 0 0 2 9 3 7 9  
19 0 .00012541  
23 0 .0 0 0 1 1 4 6 7
16 0 .00 0 2 0 3 8 7  
20 0 .00 0 1 2 7 1 8  
24 0 .00 0 0 7 4 8 9
215 0 .0 0 0 0 7 1 0 2  26 0 .0 0 0 0 6 9 0 2 27 0 .0 0 0 0 6 3 4 0 28 0 .00 0 0 5 9 6 4
29 3.00004982 30 0.00004610
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 2 .0 0 0
HEIGHT TO DIAMETER RATIO 5 .0 0 0
SCATTERING TO EXTINCTION RATIO 1 .0 0 0
ANISOTROPIC SCATTERING
A »45.0000 B> 4 5 .0 1 0  C« 4 5 .0 2 0  D* 9 0 .0 0 0  £ « 1 3 5 .0 0 0
F« 0 .9 8 0 0  G« 1 .1 4 0  H« 1 .1 4 0  1= 1 .1 4 0  J«  1 .1 4 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS 
100009______________________0______________________0____________1 6 2 1 2 L ______
MISSES OUTSIDE 
 2QiQ._______
FLUX RATIO,RING WIDTH» 0.50R
1 9 .2 6 9 3 9 9 9 7 2 0 .2 1 3 0 7 9 9 5 3 0 .0 4 4 7 5 1 9 9 4 0 .01641142
5 9 .0 0 8 0 0 4 4 4 6 0 .0 0 4 7 1 6 3 6 7 0 .0 0 3 0 7 3 8 5 8 0 .00 2 1 5 4 6 7
9 0 .0 0 1 4 9 1 7 6 10 0 .0 0 1 2 0 4 2 1 11 0 .0 0 0 9 5 0 4 8 12 0 .00060174
13 0 .0 0 0 5 6 3 2 0 14 0 .0 0 0 4 3 1 1 1 15 0 .0 0 0 3 6 2 7 6 16 0 .00026968
17 9 .0 0 0 2 4 4 8 5 18 0 .0 0 0 2 2 6 2 9 19 0 .00016541 20 0 .00 0 1 5 2 8 2
21 0 .0 0 0 1 3 2 6 8 22 0 .0 0 0 1 0 5 1 2 23 0 .0 0 0 0 9 0 6 7 24 0 .00 0 0 8 1 7 0  '
25 0 .0 0 0 0 8 7 3 5 26 0 .0 0 0 0 6 9 8 0 c l 0 .0 0 0 0 6 7 1 7 28 0 .00005309
29 0 .0 0 0 0 5 4 7 4 30 0 .0 0 0 0 4 4 0 7
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO





EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE
100000 167086 55433 2266
FLUX RATIO,RING WIDTH» O.SOR
1 0 .2 8 4 7 1 9 9 6 2 0 .2 2 9 0 5 3 2 8 3 0 .0 4 2 2 4 7 9 9 4 0 .01552000
5 0 .0 0 7 9 7 7 7 8 6 0 .0 0 4 9 6 7 2 7 7 0 .0 0 3 0 1 5 3 8 8 0 .00216000
9 0 .0 0 1 4 9 4 1 2 10 0 .0 0 1 1 3 0 5 3 11 0 .00086095 12 0 .00073913
13 0 .0 0 0 5 6 3 2 0 14 0 .0 0 0 4 9 9 2 6 15 0 .000 3 6 9 6 6 16 G .00033806
17 0 .0 0 0 2 8 1 2 1 18 0 .0 0 0 1 8 5 1 4 19 0 .0 0 0 1 7 7 3 0 20 0 .00016410
21 0 .0 0 0 1 5 4 1 5 22 0 .0 0 0 1 2 4 6 5 23 0 .0 0 0 1 0 4 8 9 24 0 .00008426
25 0 .0 0 0 0 9 1 4 3 26 0 .0 0 0 0 8 0 0 0 27 0 .00007396 28 0 .00 0 0 7 1 2 7
29 0 .0 0 0 0 4 8 4 2 30 0 .0 0 0 0 4 2 0 3
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO
SCATTERING TO EXTINCTION RATIO 
ANISOTROPIC SCATTERING
2 .0 0 0
j0 .@ 0 0
1 .0 0 0
A* 8 .0 0 0 0  B" 2 0 .0 0 0  C» 6 0 .0 0 0  0 * 1 2 0 .0 0 0  E »170 .000
F« 1 .0 0 0 0 G» 20 .0 0 0  H« 4 0 . 000 1* 1 2 .0 0 0  J*  8 0 .0 0 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE
100000 0 0 178357 72319 2014
FLUX RATIO,RING WIDTH* O.SOR
1 0 .1 4 0 2 7 9 9 8 2 0 .1 2 7 3 3 3 3 0 3 0 .0 2 8 6 2 3 9 9 4 0 .01030285
5 0 .0 0 5 3 0 2 2 2 6 0 .0 0 3 3 7 8 1 8 7 0 .0 0 2 2 0 0 0 0 8 0 .00144267
9 0 .0 0 1 1 2 4 7 1 10 0 .0 0 0 8 7 3 6 8 11 0 .0 0 0 6 7 8 1 0 12 0 .00052522
13 0 .0 0 0 4 2 5 6 0 14 0 .0 0 0 3 2 7 4 1 15 0 .0 0 0 2 9 3 7 9 16 0 .00025935
17 0 .0 0 0 1 9 3 9 4 18 0 .0 0 0 1 7 6 0 0 19 0 .0 0 0 1 3 9 4 6 20 0 .00 0 1 1 7 9 5
21 0 .0 0 0 1 0 1 4 6 22 0 .0 0 0 0 8 9 3 0 23 0 .0 0 0 0 8 8 8 9 24 0 .000 0 8 1 7 0
25 0 .0 0 0 0 5 9 5 9 26 0 .0 0 0 0 6 3 5 3 27 0 .0 0 0 0 6 3 4 0 28 0 .00004873
29 0 .0 0 0 0 5 4 7 4 30 0 .0 0 0 0 4 2 0 3
VJTNO
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO 
SCATTERING T0  EXTINCTION RATIO 
ISOTROPIC SCATTERING
2 .0 0 0
2 0 .0 0 0
_ J.O O Q
EMISSIONS REEMISSIONS ABSORPTIONS 
100003 0 0___
SCATTERINGS MISSES OUTSIDE 
167004 55517___________2273
&
FLUX RATIO,RING WIDTH* O.SOR
1 3 .2 7 8 0 7 9 9 6  
5 0 .0 0 8 0 6 6 6 6  
_9 0 .0 0 1 4 8 9 4 1  
13 0 .6 0 0 5 7 1 2 0  
17 3 .0 0 0 2 5 8 1 8  
21 0 .0 0 0 1 5 4 1 5
25 3 .0 0 0 0 8 6 5 3  
29 3 .0 0 0 0 5 1 9 3
2 0 .2 2 7 6 9 3 2 8  
6 0 .0 0 4 7 5 2 7 3  
10 0 .0 0 1 1 7 8 9 5
14 0 .0 0 0 4 0 8 8 9  
18 0 .0 0 0 2 2 7 4 3  
22 0 .0 0 0 1 3 8 6 0
26 0 .0 0 0 0 8 2 3 5  
30 0 .0 0 0 0 4 9 4 9
3 0 .0 4 2 9 3 5 9 9  
7 0 .00316615  
_11 0 .0 0 0 9 3 7 1 4  
15 0 .0 0 0 3 6 0 0 0  
19 0 .000 2 0 7 5 7  
J 1 J 3 ,  00011467
4 0 .01589143  
8 0 .00 2 1 7 3 3 3  
12 0 .00064522  
16 0 .00036258  
20 0 .00 0 1 6 5 1 3  
24 0 .00008681
27 0.00006264 28 0.00006691
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 
HEIGHT TO DIAMETER RATIO 
SC ATT ERING TO EXTINCTION RAY 10. 
ISOTROPIC SCATTERING
2.000
5 .0 0 0







SCATTERINGS MISSES OUTSIDE 
99166_______71987__________1 0 7 8 _______
FLUX RATIO,RING WIDTH» 0.50R
1 0 .1 0 5 6 3 9 9 8  
5 0 .0 0 2 2 7 5 5 5  
9 0 .0 0 0 3 8 7 06 
13 0 .0 0 0 1 5 4 4 0  
17 0 .0 0 0 0 6 0 0 0  
21 0 .0 0 0 0 3 2 2 0
25 0.000020B2
29 0.00001474
2 0 .0 8 2 3 7 9 9 7  
6 0 .0 0 1 2 2 7 2 7  
10 0 .0 0 0 3 1 5 7 9 
14 0 .0 0 0 1 0 5 1 9  
18 0 .0 0 0 0 5 0 2 9  
22 0 .00003721
26 0 .0 0 0 0 1 7 2 5  
30 0 .0 0 0 0 1 2 8 8
3 0 .0 1 3 6 4 3 9 9  
7 0 .0 0 0 8 4 1 5 4  
_U 0 .0 0 0 2 1 0 4 8  
15 0 .00009241  
19 0 .00004162  
23 0 .0 0 0 0 2 7 5 6  
27 0 .0 0 0 0 1 1 7 0
4 0 .00 4 5 4 8 5 7  
8 0 .0 0 0 6 2 5 3 3  
12 0*00018087 
16 0 .00006710  
20 0 .00003641  
24 O.OOOQ22i3_ : 
28 0 .00000945
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 2 .0 0 0
HEIGHT TO DIAMETER RATIO 5 .0 0 0
SCATTERING TO EXTINCTION RATIO 0 .5 0 0
ANISOTROPIC SCATTERING
A« 8 .0 0 0 0 B« 2 0 .0 0 0 C» 6 0 .0 0 0 0 * 1 2 0 .0 0 0 E »170 .000







SCATTERINGS MISSES OUTSIDE 
 866^13 _ 6 2 4 4 7 ___________2251________
&
FLUX RATIO,RING WIDTH* O.SOR
X 0 .2 1 7 7 1 9 9 7  
5 0 .0 0 6 8 9 3 3 3  
9 0 .0 0 1 4 9 8 8 2
13 0 .0 0 0 5 0 5 6 0  
17 0 .0 0 0 2 5 5 7 6  
21 0 .0 0 0 1 3 3 6 6
2 0 .1 8 0 1 5 9 9 5  
6 0 .0 0 4 2 2 5 4 5  
10 0 .0 0 1 0 6 5 2 6
14 0 .0 0 0 4 2 2 2 2  
18 0 .0 0 0 2 1 6 0 0  
22 0 .0 0 0 1 2 0 0 0
3 0 .0 3 8 5 2 7 9 9  
7 0 .0 0 2 8 7 0 7 7  
11 0 .00076762
15 0 .00037241  
19 0 .0 0 0 2 0 2 1 6  
23 0 .00010311
4 0 .01364000  
8 0 .00200800  
12 0 .0 0 0 6 6 9 5 7 
16 0 .00030065  
20 0 .00015897  
24 0 .00008766
25 3 .0 0 0 0 7 3 4 7  
29 0 .0 0 0 0 5 7 5 4
26 0 .0 0 0 0 7 3 7 3  
30 0 .0 0 0 0 4 3 3 9
27 0.00005887 28 0.00004873
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
— (S D
c y l i n d e r  OPTICAL DEPTH 5 . 0 0 0
HEIGHT TO DIAM^ER RATIO  _______ 5 . 0 0 0
SCATTERING TO EXTINCTION RATIO 1.00Ô





ABSORPTIONS SCATTERINGS MISSES OUTSIDE
3 8 1 5 8 0 38750 1548 &
FLUX RATIO,RING WIDTH= O.SOR
1 0 . 4 5 9 8 3 9 9 5  
5 0 . 0 ^ 8 0 1 3 3 3  
9 0 . 0 0 1 3 9 5 2 9  
13 0 . 0 0 0 4 8 1 6 0  
17 0 . 0 0 0 2 3 3 9 4
21 0 . 0 0 0 1 0 9 2 7  
25 0 . 0 0 0 0 6 1 2 2  
29 0 . 0 0 0 0 3 5 7 9
2 0 . 3 9 3 5 4 6 5 7  
6 0 . 0 0 4 8 0 0 0 0
10 0 . 0 0 0 9 9 7 8 9  
14 0 . 0 0 0 3 5 4 0 7  
18 0 . 0 0 0 1 9 7 7 1
22 0 . 0 0 0 0 9 9 5 3  
26 0 . 0 0 0 0 6 4 3 1  
30 0 . 0 0 0 0 4 2 7 1
3 0 . 0 5 4 2 8 7 9 9  
7 0 . 0 0 2 7 8 7 6 9
11 0 . 0 0 0 8 1 3 3 3  
15 0 . 0 0 0 3 1 0 3 4  
19 0 .0^0014703  
23 0 . 0 0 0 6 9 9 5 6  
27 0 . 0 0 0 0 6 1 8 9
4 0 . 0 1 6 9 1 4 2 8  
8 0 . 0 0 1 9 0 9 3 3
12 0 . 0 0 0 5 0 0 8 7  
16 0 . 0 0 0 2 4 6 4 5  
_20 0 . 0 0 0 1 1 3 8 5  
24 6 . 6 6 6 6 8 8 5 1  
28 0 . 0 0 0 0 4 3 6 4
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 5 . 0 0 0
HEIGHT TO DIAMETER RATIO 
SCATTERING TO EXTINCTION RATIO 
AMSCTROPIC SCATTERING
5 . 0 0 0
1 . 0 0 0 "
A= 8 . 0 0 0 0  8= 20 . 0 0 0  C" 6 0 . OCO 0 = 1 2 0 . 0 0 0  E«170 . 0 0 0
F= 1 . 0 0 0 0  G= 20 . 0 0 0  H= 4 0 . 0 0 0  I = 1 2 . 0 0 0  J= 80 . 0 0 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OLTSIDE
1 0 0 0 0 0  0 0 3 9 1 8 7 9  54511 204 7
FLUX RATIO.RING WIDTH= 0 .5 0 R
1 0 . 2 4 1 7 5 9 9 7  2 0 . 2 5 4 4 7 9 9 4 3 0 . 0 4 7 7 7 5 9 9 4 0 . 0 1 5 6 3 4 2 8
5 0 . 0 0 7 7 8 6 6 6  6 0 . 0 0 4 8 4 7 2 7 7 0 . 0 0 3 1 6 0 0 0 8 0 . 0 0 2 0 6 1 3 3
9 0 . 0 0 1 4 7 7 6 5  10 0 . 0 0 1 0 8 4 2 1 11 0 . 0 0 0 7 7 3 3 3 12 0 . 0 0 0 6 3 1 3 0
13 0 . 0 0 0 5 2 3 2 0  14 0 . 0 0 0 4 2 5 1 9 15 0 . 0 0 0 3 8 8 9 7 16 0 . 0 0 0 2 9 0 3 2
17 0 . 0 0 0 2 6 1 8 2  18 0 . 0 0 0 2 1 3 7 1 19 0 . 0 0 0 1 7 9 4 6 20 0 . 0 0 0 1 4 7 6 9
21 0 . 0 0 0 1 4 3 4 1  22 0 . 0 0 0 1 0 4 1 9 23 0 . 0 0 0 1 0 3 1 1 24 0 . 0 0 0 0 9 1 0 6
25 0 . 0 0 0 0 8 3 2 7  26 0 . 0 0 0 0 6 4 3 1 27 0 . 0 0 0 0 6 6 4 2 28 0 . 0 0 0 0 5 6 0 0
29 0 . 0 0 0 0 5 7 5 4  30 0 . 0 0 0 0 4 0 6 8
EMISSICN FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL CEPTH 1 0 . 0 0 0
HE IGHT _ TO C U M  ETER RATIO______________ 5 ^ 0
SCATTERING TC EXTINCTION RATIO I.OCO
ISCTRCPIC SCATTERING
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES CLTSÏOE
100000 0 0 7 3 4 1 8 9  2 7 5 4 8 1007
FLUX RATIO,RING WIDTH* , O.SOR
1 0 . 5 7 6 0 3 9 9 1 2 0 . 5 4 9 2 5 3 2 0 3 0 . 0 5 5 1 8 3 9 9 4 0 . 0 1 3 8 9 1 4 3
5 0 . 0 0 6 4 2 6 6 7 6 0 . 0 0 3 3 5 2 7 3 7 0 . 0 0 2 1 6 9 2 3  ____ _e ,fl«J0Q11893.3-
9 0 . 0 0 1 0 0 2 3 5 10 0 . 0 0 0 7 8 9 4 7 11 0 . 0 0 0 5 6 7 6 2 12 0 . 0 0 0 3 7 3 9 1
13 0 . 0 0 0 3 1 8 4 0 14 0 . 0 0 0 2 6 0 7 4 15 0 . 0 0 0 1 8 7 5 9 16 0 . 0 0 0 1 8 5 8 1
17 0 . 0 0 0 1 4 3 0 3 18 0 . 0 0 0 1 3 8 2 9 19 _G, 0 0 0 1 0 0 5 4 2C 0 . 0 0 0 0 8 2 0 5
21 0 . 0 0 0 0 7 4 1 5 22 0 . 0 0 0 0 6 1 4 0 23 0 . 0 0 0 0 6 2 2 2 24 0 . 0 0 0 0 5 6 1 7  ;
25 0 . 0 0 0 0 4 2 4 5 26 0 . 0 0 0 0 4 8 6 3 27 0 . 0 0 0 0 4 0 0 0 28 0 . 0 0 0 0 2 5 4 5
29 0 . 0 0 0 0 2 5 2 6 30 0 . 0 0 0 0 2 0 3 4
ON
EMISSION FROM BLACK SURFACE AT BASE OF CYLINDER
CYLINDER OPTICAL DEPTH 1 0 . 0 0 0
HEIGHT TO DIAMETER RATIO 5 . 0 0 0
SCATTERING TO EXTINCTION RATIO 1 . 0 0 0
ANISOTROPIC SCATTERING
A« 8 . 0 0 0 0  8»  2 0 . 0 0 0  C» 6 0 . 0 0 0  0 * 1 2 0 . 0 0 0  E « 1 7 0 . 0 0 0
F* 1 . 0 0 0 0  G« 2 0 . 0 0 0  H« 4 0 . 0 0 0  I *  1 2 . 0 0 0  J= 8 0 . 0 0 0
EMISSIONS REEMISSIONS ABSORPTIONS SCATTERINGS MISSES OUTSIDE 
1 0 0000________________ 0________________0_________ 7 3 8 3 99___________________ 1 5 3 4 ______
&
FLUX RATIOfRING WIDTH" O.SOR
1 3 . 3 2 5 9 5 9 9 7  
5 0 . 0 0 8 4 3 5 5 5  
9 0 . 0 0 1 2 6 1 1 8
13 0 . 0 0 0 4 6 4 0 0  
17 0 . 0 0 0 1 9 6 3 6  
21 0 .0 0 0 1 1 2 2 0
2 0 . 3 9 3 4 3 9 9 0  
6 0 . 0 0 4 6 8 7 2 7  
10 0 . 0 0 0 9 6 8 4 2
14 0 . 0 0 0 3 6 4 4 4  
IB 0 . 0 0 0 1 6 1 1 4  
22 0 . 0 0 0 1 2 0 9 3
3 0 . 0 5 9 9 4 3 9 9  
7 0 . 0 0 2 9 6 3 0 8  
11 0 . 0 0 0 7 4 0 9 5
15 0 . 0 0 0 3 1 7 2 4  
19  0 . 0 0 0 1 4 2 7 0  
23  0 . 0 0 0 0 7 5 5 6
4 0 . 0 1 7 1 0 2 8 5  
8 0 . 0 0 1 9 1 7 3 3  
12 0 . 0 0 0 5 6 0 0 0  
16 0 . 0 0 0 2 4 6 4 5  
2 0  0 . 0 0 0 1 3 5 3 8  
24  0 . 0 0 0 0 9 5 3 2
25 0 . 0 0 0 0 7 3 4 7  
29  0 . 0 0 0 0 3 8 6 0
26 0 . 0 0 0 0 4 8 6 3  
30 0 . 0 0 0 0 3 4 5 8
27 0.00005736 28 0.00003927
67
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ENERGY RATIO 78  RADIUS RATIO
E m iss io n  From C loud  
O p t ic a l  D epth  
H eig h t/D ia m e ter  5
S c a t t e r i n g /E x t in c t i o n  1





60 1 2 3 5
0 4
ENERGY RATIO VS RADIUS RATIO
E m issio n  From C loud  
O p t ic a l  D epth 1
H e ig h t/D ia m e ter  5
S c a t t e r in g /E x t in c t io n  1





6O' 1 2 3 5
04:
ENERGY RATIO VS RADIUS RATIOn
E m iss io n  From C loud  
O p t ic a l  D epth  
H e ig h t/D ia m e te r  
S c a t t e r i n g /E x t in c t i o n  





ENERGY RATIO VS RADIUS RATIO
E m iss io n  From C loud  
O p t ic a l  D epth  
H e ig h t/D ia m e te r  ' 
S c a t t e r i n g /E x t in c t i o n  










ElffiRGI RATIO VS RADIUS RATIO
E m iss io n  From C loud  
O p t ic a l  D epth  2 
H e ig h t/D ia m e te r  20  
S c a t t e r i n g /E x t in c t i o n  1  
I s o t r o p ic  S c a t t e r in g
(>■'
‘ s ;




EKE21GŸ RATIO 7S  RADIUS RATIO
E m iss io n  From C loud  
O p t ic a l  D ep th  2
. H e ig h t/D ia m e te r  5
S c a t t e r in g /f e j c t in c t io n  1
A n is o tr o p ic  S c a t t e r in g




EÎŒRGY RATIO VS RADIUS RATIO
Em ission From Cloud 
O p tic a l Depth 5
H eigh t/D iam eter 5
S c a t te r in g /E x t in c t io n  1









SKERGY RATIO 7S RADIUS RATIO
Em ission From Clond 
O p tic a l  Depth 
H eigh t/D iam eter 
S c a tte r in g /E x t in c t io n  








EÎŒRGY RATIO VS RADIUS RATIO
Em ission From Cloud 
O p tic a l  Depth 10
H eigh t/D iam eter 5
S c a t te r in g /E x t in c t io n  1




FLUX RATIO VS RADIUS RATIO
Emission From Surface 
O ptical Depth .5
Height/Diameter 5








FLUX RATIO VS RADIUS RATIO
Em ission From S w fa c e  
O p tic a l Depth _ .5
H eight/D iam eter ; ' 5
S c a tte r in g /E x t in c t io n  1 







FLDX RATIO VS RADIUS RATIO
Em ission From S urface  
O p tic a l  Depth 
H e ig h t/D iam ete r 'ight/D: 
S c a tte r in g /E x t in c t io n  







FLIK RATIO VS RADIUS RATIO
Em ission From S u rface  
O p tic a l  Depth 1
H eigh t/D iam eter 5
S c a t te r in g /E x t in c t io n  1 
A n iso tro p ic  S c a t te r in g
7 7
5 g ~ 56 E 1 ~ = - = —4EE
E E=b E1 =
E “ == E?=E E1 f=3 E E E
r=
E
—% 5 —3 %— %% ~13=5 E E E ■"Pi ■'1 1 —3 E 3 3P 3 Ê — —3 —4—— ' “% zz Zj H zi — i — I—: T ' b — ( b 33 q Zj ~ rZi 3 q
Zc Z3 5 —Jsi _LH 3 3□ gjg 3 3 T11 ! > 3 q 3
~'T' V n r 3 3 3
P im  RATIO VS RADIOS RATIO
Enassion  From Surface 
O ptical Depth 1
Height/Diameter 5
Scattering/E xtinction  1 
Rayleigh Scattering
• 0 0 1
78
FLUX RATIQ VS RADIUS RATIO 
Em ission From S urface
O p tic a l Depth 2
H eigh t/D iam eter 5
S c a t te r in g /E x t in c t io n  1 
Is o tro p ic  S c a tte r in g
.001
79
FLUX RATIO-VS RADIUS RATIO 
E m ission  From S u r fa c e
O p t ic a l  D epth 2
H e ig h t/D ia m e ter  5
S c a t t e r in g /E x t in c t io n  1  






FLUX RATIO VS RADIUS RATIO 
E m issio n  From S u r fa c e
O p t ic a l  D epth 2
H e ig h t/D ia m e ter  5
S c a t t e r i n g /E x t in c t i o n  1  
R a y le ig h  S c a t t e r in g






FLUX RATIO VS RADIUS RATIO
E m issio n  From S u r fa ce  
O p t ic a l  D epth 2
H e ig h t /D ia m e te r -  10
S c a t t e r in g /E x t in c t io n  1  







FLUX RATIO VS RADIOS RATIO
E m issio n  From S u r fa c e  
O p t ic a l  D epth 2
H e ig h t/D ia m e te r  10
S c a t t e r in g /E x t in c t io n  1  






PL13X RATIO VS RADIUS RATIO
E m iss io n  From S u r fa c e  
O p t ic a l  D epth 2
H eig h t/D ia m e ter "  2 0
S c a t t e r in g / t e x t i n e t io n  1  








FLÜX RATIO VS RADIUS RATIO 
Em ission From S u rface
O p t ic a l  D epth 2
H e ig h t/D ia m e ter  5
S c a t t e r i n g /E x t in c t i o n  .5  
I s o t r o p ic  S c a t t e r in g
85
FLDX RATIO VS RADIUS RATIO
E m iss io n  From S u r fa c e  
O p t ic a l  D epth 2
H e ig h t/D ia m e ter  5
S c a t t e r in g /E x t in c t io n  ,5  
A n is o tr o p ic  S c a t t e r in g  
R a d ia t iv e  E q u ilib r iu m
►OOT
86'
FLUX RATIO VS RADIUS RATIO
E m issio n  From S u r fa c e  
O p t ic a l  D epth  
H eig h t/D ia m e ter  
S c a t t e r in g /E x t in c t io n  
I s o t r o p ic  S c a t t e r in g
•001
87
FLOX RATIO VS RADIUS RATIO 
E m iss io n  From S u r fa c e
O p t ic a l  D epth 5
H e ig h t/D ia m e te r  5
S c a t t e r i n g /E x t in c t i o n  1  
A n is o tr o p ic  S c a t t e r i n g
#001
88
PLDX RATIO VS RADIUS RATIO 
Em ission From S u rface
O p t ic a l  D epth 10
H e ig h t/D ia m e te r  5
S c a t t e r i n g /E x t in c t i o n  1  
I s o t r o p ic  S c a t t e r in g
.001
8 9
FLDX RATIO VS RADIUS RATIO
Em ission From S iirface  
O p tic a l  Depth 10
H eight/D iam eter 5
S c a t te r in g /E x t in c t io n  1 




For a g iven  r in g  ( r in g  r )  th e  Monte C arlo  a n a ly s is  can he viewed 
as a la rg e  number o f  independent t r i a l s  w ith  only  two p o s s ib le  outcomes; 
a photon h i t s  r in g  r . o r  i t  does n o t. From p h y s ic a l a sp e c ts  o f th e  prob­
lem i t  i s  re a so n ab le  to  assume th a t  fo r  a la rg e  sequence o f em issions 
th e  r e l a t i v e  frequency o f h i t s  in  r in g  r  w i l l  approach a l im i t .  This 
l im i t  .
p = ( h i t s  in  r in g  r )  /  (n  em issions)
^ n -* 00
i s  th e  p r o b a b i l i ty  th a t  a photon w i l l  h i t  r in g  r  o r th e  p r o b a b i l i ty  o f 
success in  an independent B e rn o u lli t r i a l .
A random experim ent c o n s is tin g  o f such t r i a l s  w ith  p r o b a b i l i ty  p 
fo r  success and 1 - p = q_ fo r  f a i l u r e  i s  governed by th e  b inom ia l p rob­
a b i l i t y  law which can be approxim ated by th e  normal p r o b a b i l i ty  law 
(3 4 ) . The p r o b a b i l i ty  th a t  a random experim ent w i l l  have an observed 
value  between g iven  l im i t s  may be had by in te g ra t io n  o f th e  norm al 
p r o b a b i l i ty  law over th e  a p p ro p ria te  in te r v a l .  This can be t r a n s la t e d  
in to  th e  p r o b a b i l i ty  th a t  th e  observed v a lu e  o f a random experim ent 
a f t e r  n t r i a l s  w i l l  d i f f e r  by a sm all number e from i t s  t r u e  p r o b a b i l i ty  
p . The r e s u l t  fo r  m successes  in  n t r i a l s  (see  (36) and (25) eq u atio n  
24) i s  th a t  th e  p ro b a b i l i ty  o f  th e  in e q u a l i ty
90
91
~  - P 1 = e (6 -1 )
as n "becomes la rg e  i s  g iven  approx im ate ly  "by
/ 2
where
P = e r f  —  (6 -2 )
t  = e (6 -3 )
ypg.
I t  should "be noted  th a t  th e  t ru e  p r o h a h i l i ty  fo r  a h i t  in  r in g  r  is  
n o t known. However, a "best e s tim a te  fo r  p^ i s  a va ila"ble a f t e r  n em is­
s io n s  from th e  r a t i o  o f  h i t s  to  em iss io n s . The u se  o f t h i s  "best e s tim a te  
in  th e  e r r o r  a n a ly s is  i s  th e  u su a l p r a c t ic e  (25)*
To o"btain v a lu es  o f  p^ from th e  num erical d a ta  g iven  i t  i s  neces­
sa ry  to  m u ltip ly  "by (2 r  -  l ) / 4  i f  em ission  i s  from th e  su rfa c e  o r "by 
(2 r  - l )  i f  em ission  i s  from th e  c loud .
C onsidering  r in g s  one th rough  tw e lv e , th e  v a lu es  o f  p^ a re  o f  o rder 
.001 o r g re a te r  in  a l l  cases  c a lc u la te d  and th e  number o f  em issions is  
10^ o r g r e a te r .  T herefo re  eq u a tio n  (6 -2 ) should  enab le  one to  o b ta in  a 
good working e s tim a te  o f th e  p robab le  e r r o r  a ss o c ia te d  w ith  th e  Monte 
C arlo num erical r e s u l t s  o f  t h i s  work.
U sin g (6-2) g iv es  th e  fo llo w in g  e s tim a te s .
p^ Confidence E rro r
.001 .95^ 20^
.001 .68  10^
.01 .998 10^
.01 .868 5^6
These e r r o r  l im i t s  h o ld  f o r  th e  in d iv id u a l p o in ts  c a lc u la te d . In  th e
92
absence o f a sy stem a tic  e r r o r  in  th e  program i t  i s  expected th a t  th e re  
i s  equal l ik e lih o o d  fo r  th e  in d iv id u a l va lue  to  he h igh  o r low. Thus a 
smooth curve th rough  th e  p o in ts  should he c lo se  to  th e  t r u e  v a lu e s .
F igure  6-1  shows th e  v a r ia t io n  o f Monte C arlo  num erical r e s u l t s  as 
a fu n c tio n  o f th e  number o f o r ig in a l  em issions f o r  a ty p ic a l  case . The 
r e l a t i v e ly  smooth b eh av io r in d ic a te d  lends f u r th e r  support to  th e  b e l i e f  
t h a t  th e  f i n a l  v a lu es  do n o t d i f f e r  g r e a t ly  from th e  t ru e  v a lu e s . At 
th e  l e a s t ,  one would a n t ic ip a te  th a t  th e  va lu es  o b ta in ed  s u f f ic e  to  
in d ic a te  th e  im portan t t re n d s .
F igure  6-2  shows th e  r e s u l t  on a l in e a r  s c a le  fo r  r in g  e ig h t s t a r t ­
ing w ith  two d i f f e r e n t  s e ts  o f  i n i t i a l  random numbers. The answers a re  
w ith in  te n  per cen t o f  each o th e r  a f t e r  one hundred thousand em issions.
9 3
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F ig u r e  6 -1* . F lu x  R a t io  v ersu s'T h o u sa n d s: o f  O r ig in a l  E m iss io n s
I l l u s t r a t i o n  o f  t h e  v a r ia t io n  o f  t h e  Monte C ar lo  n u m e r ic a l r e s u l t *  
V a lu e s  a r e  f o r  r in g s  1 ( to p )  th ro u g h  1 2  (b o tto m )• The o p t i c a l  
d ia m e te r  i s  two* ’S c a t t e r in g  i s  i s o t r o p ic *
9h
0 01 3 .
0 01 7 .
0 01 6 .





20: 30 AO 50 60  70:: 80 90 100100
F ig u r e  6 - 2 ,  F lu x  R a tio  v e r s u s  Thousands: o f  O r ig in a l  E m iss io n s
I l l u s t r a t i o n  o f  t h e  v a r ia t io n  o f  th e  Monte C a r lo  n u m e r ic a l r e s u l t  
f o r  two d i f f e r e n t  s e t s  o f  i n i t a l  random numbers;. The grap h  i s  
form ed by c o n n e c t in g  t h e  v a lu e s  o f  f l u x  r a t i o  f o r  in c r e m e n ts  o f  
f i v e  th o u sa n d  e m iss io n s ' b y  s t r a i g h t  l i n e s .  The v a lu e s  a r e  f o r  
r in g  e i g h t ,  t h e  o p t i c a l  d ia m e te r  i s '  tw o , e m is s io n  i s  from  t h e  
b a s e  s u r f a c e ,  and t h e  s c a t t e r i n g  i s  a n is o tr o p ic - .  The arrow s  
in d ic a t e  t h e  a r e a  o f  o v e r la p  o f  t e n  p e r  c e n t  e r r o r  f o r  th e . two  
c a s e s .  T h ere i s  a  9 3 .2 6 ^  p r o b a b i l i t y  t h a t  t h e  c o r r e c t  v a lu e  l i e s  
w it h in  t h e s e  l i m i t s .  The c i r c l e  i s  t h e  v a lu e  o b ta in e d  from  a  
sm ooth cu r v e  th ro u g h  p o in t s  f o r  r in g s  on e  th r o u g h  t w e lv e .
CHAPTER VII 
HEAT TRANSFER CALCULATIONS
S p e c tra l  F lux from s B lack Surface




i ^ ( T )  = [  h ^ r i — J
c e - 1
is  P la n c k 's  e x p re ss io n  f o r  monochromatic in te n s i ty .  To convert to  
s p e c t r a l  in te n s i ty  one must d e fin e  I^^ (T ) such th a t
l l^^(T)dXl  =l l j^^(T)dvl  
s in ce  th e  same energy  i s  be in g  re p re se n te d  (3)* The r e la t io n s h ip  be­
tween frequency  and w avelength i s
\  = c/w
so th a t
dX. = - (c /v ^ )d v
T herefore
I b x C ' )  =  4 ^  [ ^ h v / M  _ J







The f lu x  le a v in g  th e  s u r fa c e  o f  a b la c k  body i s
= J  cos 8 du)
ou
w here 8 i s  th e  p o la r  a n g le  betw een  th e  outw ard s u r fa c e  norm al and th e  
c e n t r a l  d i r e c t i o n  o f  th e  s o l id  a n g le  dm. S u b s t i tu t in g  f o r  l^ ^ (T )  g iv e s
œ
= J  [ J  “ = 9 am
m o
N o tin g  t h a t  I^ ^ (T ) i s  n o t a fu n c t io n  o f  6 and in t e g r a t i n g  over th e  
h e m is p h e r ic a l s o l id  a n g le  above th e  s u r fa c e  g iv e s
D efine  s p e c t r a l  f lu x  q_^^(T) such  t h a t
CD
O
Then by com parison
q.^^(T)dl = n I^^(T)dX (7 -1 )
i s  th e  en e rg y  p e r  u n i t  a re a  p e r  u n i t  tim e c o n ta in e d  in  th e  w aveleng th  
i n t e r v a l  \  t o  \  + dX w hich le a v e s  th e  s u r f a c e .
The s p e c t r a l  f lu x  can  a l s o  be  th o u g h t o f  a s  th e  number o f  b u n d le s  
o f  en erg y  o r  pho tons c o rre sp o n d in g  to  w aveleng ths betw een X and X + dX
9 7
which leave  su rfa ce  s per u n i t  tim e d iv id ed  hy th e  su rfa c e  a rea  and mul­
t i p l i e d  hy th e  energy o f each "bundle
q.^j^(T)dX = N(sA) f- dX (7-2)
Flux In c id e n t on Ring n from a B lack Surface a t  th e  Base o f th e  Cloud 
The s p e c t r a l  f lu x  in c id e n t on an area n p e r u n i t  a rea  and tim e can 
he d e fin ed  s im ila r ly  to  eq u atio n  (7 -2 ) . Thus
q^(T )dX  = B(n,X) f -dXe 
'n
so th a t
nÎ s a I %X^^)
D efin ing  f lu x  r a t i o  
g iv es
q^^(T) = f(n ,8 ,X ) TT I^^(T ) (7 -4 )
as th e  s p e c t r a l  f lu x  a t  su rfa ce  n as a r e s u l t  o f  em ission  from th e  h la c k  
su rfa c e  s .
I f  th e  s p e c t r a l  f lu x  to  a su rface  n from a b la c k  su rface  s i s  g iven 
by eq u a tio n  (7 -4 ) th en  th e  t o t a l  f lu x  may be c a lc u la te d  from
00
q^(T) = j* q^^(T)dX = TT J  f ( n ,s ,X )  I^^(T)dX 
o o
Assuming th e  index o f r e f r a c t io n  o f th e  media between su rfa ce s  to  be 
u n ity
P . . ^-hc/kXT
dX
p . 2  /
q ^ ( T )  = 2TT J  f (n ,B ,X )  ^  ^
This can be ev a lu a ted  fo llow ing  th e  le ad  o f Love (3)*
98
L e t
X = hc/kX T \  = h c /k x T  dX = ( -h c /k x ^ T )d x
Then
q ^ (T ) -  2TT J  f ( n , s , x )  2 ^ ^  ^
The R e iz  q ,u a d re tu re  c a n  h e  u s e d  t o  e v a lu a te
00 M
r  _-Xar  e  * $ (x )d x  = y  a $ ( x  )
•where a^ an d  x ^  a r e  w e ig h t in g  c o e f f i c i e n t s  an d  q u a d r a tu r e  p o i n t s  
r e s p e c t i v e l y .
Hence
■
q ^ (T ) = T T T ^ y ^ a p f(n ,s ,X p )
o r
^  '  h ^ o ^ d  .  e ' %
M





X = hc/kXpT ( 7 - 7 )
The A^’s and X^'a have been c a lc u la te d  hy Love (3 ) fo r  M = 5 and hy
H ickok  ( 30) fo r  M = 6 , 7 . Hickok showed th a t  M = 7 gave improved
v a lu es  f o r  h e a t t r a n s f e r  c a lc u la t io n s .  T herefo re  u se  M = 7«
Thus 7
q ^ (T ) = ttT^ y ^ A p f(n ,sA p )  (7 -8 )
9 9
■where
= 0 .14125 X 1 0 - 1 1
^2 = 5.98749 X 10" 11
^3 = 22.65796 X 10"11
20.53423 X 10"11
s 4.93863 X 10"11
^6 .27503 X 1 0 “ 1 1




= 13.41488 ( io V t )
^2
= 2.52236 ( io V t )
^3
1.00846 ( io V t )
.52845 ( io V t )
= .31649 ( io V t )
^6 .20336 ( io V t )
^7
= .13351 ( io V t )
(T in ° R , X in  m icrons)
Em ission from a Volume Element 
The fo llow ing  developm ent p a r a l l e l s  th a t  o f Love (3 )- O ther d e r i ­
v a tio n s  a re  a v a ila b le  in  th e  l i t e r a t u r e .  (For example Jakob (3 1 ))
Experim ental s tu d ie s  have shown th a t  the  in te n s i ty  o f  ra d ia n t  en e r­
gy t r a v e rs in g  a se m i-tra n sp a re n t medium i s  d ecreased  by a b so rp tio n  in  
p ro p o rtio n  to  th e  in te n s i ty  and le n g th  o f p a th . This exp erim en ta l f a c t
i s  commonly c a lle d  B e e r 's  Law and i s  m athem atica lly  exp ressed  as
d l
- à  -  %  L  (T-9)
1 0 0
■where I  i s  th e  monochromatic in te n s i ty  in  d i r e c t io n  x , p i s  th e  den- V ^c
s i t y  o f th e  cloud o r medium heing  tra v e rs e d , and i s  th e  monochromatic 
mass a b so rp tio n  c o e f f ic ie n t .
Equation (7 -9 ) 'was o r ig in a l ly  developed fo r  th e  a t te n u a tio n  o f 
beams o f l ig h t  and co n ta in s  no term  accounting  fo r  lo c a l  em ission  of 
therm al r a d ia t io n .  Hence an a d d i t io n a l  term  must be added to  account 
fo r  such em ission  when i t  e x i s t s .
lET = -Oo "v  Iv  + ■'v
For a medium in  thermodynamic eq u ilib riu m  th e  in te n s i ty  o f r a d ia ­
t io n  w i l l  n o t change along a p a th  so th a t  d l^ /d x  is  zero . Thus
\  = "c %  \
For a medium in  which ra p id  chem ical changes a re  no t ta k in g  p lace  
a " lo c a l  thermodynamic eq u ilib riu m " i s  approxim ated so th a t  th e  em ission 
from an e lem en ta l volume in  any d ir e c t io n  may be tak en  as p^n^I^dV, (3)« 
In te g ra t io n  over a l l  d ir e c t io n s  g ives
Pc \  \
fo r  th e  monochromatic em ission  o f a volume elem ent. In  a medium in  th e r ­
modynamic e q u ilib r iu m , having a r e f r a c t iv e  index n , th e  in te n s i ty  o f
p
ra d ia t io n  i s  n tim es th e  in te n s i ty  o f r a d ia t io n  o f a b la c k  body a t  th e  
tem peratu re  o f th e  medium. Hence th e  monochromatic em ission  (n  = l )  
becomes
"o \





I n te g r a t io n  over th e  com plete  w aveleng th  hand can he accom plished  u s in g
th e  R eiz q u a d ra tu re  as  in  th e  p re c e d in g  s e c t io n
Thus
M
w here th e  and a re  th e  w e ig h tin g  fu n c tio n s  and q u a d ra tu re  p o in ts  
g iv e n  in  th e  p rece d in g  s e c t io n .
The A pparent E m ittan ce  o f  th e  P a r t i c l e  C loud, a s  Viewed in  th e  
Base P la n e , R e s u lt in g  from  E m ission  w ith in  th e  Cloud 
The d a ta  p re s e n te d  in  C hap ter V f o r  em iss io n  from  th e  p a r t i c l e  
c loud  g iv e s  th e  number o f o r jg i n a l  em iss io n s  th e  number o f  s c a t ­
t e r i n g s  (Ng) and a v a lu e  f o r  each  r i n g  n o f  d e f in e d  as
w here i s  'ohe number o f  h i t s  in  r i n g  n . The v a lu e s  a re  f o r  a g iv e n
r , h /d ,  and s c a t t e r in g  fu n c t io n .  I f  th e  c loud  i s  c o n s id e re d  to  be 
P
in  r a d i a t i v e  e q u i l ib r iu m  th e n  th e  d a ta  f o r  ^  = 1 can be  u sed  f o r  any
v a lu e  o f  w ith  i s o t r o p i c  s c a t t e r i n g ,  by  c a lc u la t in g  th e  number o f  pho- 
P
to n s  abso rbed  and hence th e  number o f  pho tons r e e m it te d  (R„) fromK
\  (1  - # )  = " s  #  (7-14)
For a un ifo rm  is o th e rm a l c loud  o f  volume V th e  t o t a l ,  en erg y  e m itte d ,
w hich i s  e q u a l t o  th e  sum o f th e  o r i g i n a l  em iss io n s  and th e  re e m is s io n s
■^The ta b u la r  d a ta  f o r  c lo u d  e m iss io n  h as  an  a d d i t io n a l  f a c t o r  ( 2 n - l ) .
1 0 2
m u ltip l ie d  “by th e  energy o f  each em ission , can he o b ta in ed  from equa­
t io n  (T-11) as
(Ng + Fg |^ ) e d \  = kn dX (T-15)
X
In  ( 7- I 5 ) i t  has heen assumed th a t  th e  reem iss io n s  a re  un ifo rm ly  d i s t r i b ­
u ted  th roughout th e  cloud (see  appendix D).
The s p e c t r a l  energy h i t t i n g  r in g  n i s  N^^edX which can be ob ta ined  
from eq u atio n s  ( 7- 13) and ( 7 - 15 ) as
(“ e  +
Now i f  th e  cloud i s  co n sid ered  to  be a d i f f u s e  c y l in d r ic a l  su rfa ce  
o f th e  same s iz e  and tem p era tu re  as  th e  p a r t i c l e  c loud th e  energy E^^dX 
could be exp ressed  as
^ <T-1T)
where A i s  th e  su rfa c e  a rea  and i s  th e  c o n f ig u ra tio n  f a c to r  from th e
2
c y lin d e r  to  r in g  n . E quating  (7-1&) and (7 -1 7 ) and s u b s t i tu t in g  ttR H 
fo r  th e  c y lin d e r  volume and 2 ttRH fo r  th e  su rfa c e  a rea  g iv es
^ 0  \  ^  ”e
®X H ,
Fsn + *sW;4
or s e t t in g  = 2p^ R
'' X "E  'nX
( 7 - 1 8 )
Using th e  Reiz q u ad ra tu re  and a s im ila r  developm ent g iv es
2rr Pc R Ne
e =
103
M r  %. $\  n\ (7-19)
The A pparent Em ittance o f th e  P a r t i c le  Cloudy as Viewed in  th e  
Base P lan e , R esu ltin g  from Energy Em itted hy a B lack 
Surface  a t  th e  Base o f  th e  Cloud 
The s c a t te r in g ,  hy a ro c k e t exhaust plume, o f energy r a d ia te d  to
th e  plume from a h ig h  tem pera tu re  combustion chamber m o tiv a tes  t h i s  
d e r iv a t io n .
The s p e c t r a l  f lu x  in c id e n t on r in g  n as a r e s u l t  o f s c a t te r in g  o f 
energy em itted  by a b la c k  su rface  covering  th e  base  o f th e  cloud i s  
(e q u a tio n  7 -^ )
q^^dX = f ( n ,s ,X )  TTl^^(Tg) dX (7-20)
The va lue  o f f (n ,s ,X )  i s  p re sen ted  in  th e  num erical da ta  as f lu x  r a t i o
f o r  g iven  H/d , t , and s c a t te r in g  fu n c tio n .
C onsidering  th e  cloud as a d i f f u s e  c y lin d e r  a t  tem pera tu re  Tc^ th e  
s p e c t r a l  f lu x  on r in g  n would be
Now ^ c y l  ~
= tt( . 5R)^ (2n - 1) 
so th a t  from (7-20) and (7 -21)
I f  f ( n ,s ,X )  i s  n o t a fu n c tio n  o f w avelength
1 0 4
e = / Ë ( ^ )  (7-23)
2n c
I t  should he remembered th a t  f ( n , s )  i s  fo r  a g iven o p t ic a l  d iam eter ( f ) ,
c y lin d e r geometry (h/ d) ,  s c a t te r in g  to  e x tin c tio n  r a t i o  (^ )  and s c a t te r -
P
ing fu n c tio n . In  a d d itio n  i t  should  he noted  th a t  some com binations of 
T^/t^ could prov ide v a lu es  f o r  apparen t e m is s iv ity  which would he g re a te r  
th an  1.
Flux In c id e n t on Ring n from Em ission w ith in  th e  Cloud 
The s p e c t r a l  energy in c id e n t on r in g  n i s  g iven  hy eq u a tio n  (T -16). 
The a rea  o f th e  n th  r in g  f o r  r in g  w idth  o f .5R i s  g iven  hy
An = (.$R )2  TT (2n - l )
S u b s ti tu tin g  ttR ^  fo r  th e  volume o f th e  cloud and d iv id in g  (7 - l6 )  hy A^




(“ e  * “ s
^  I  " V : ' )  %
X
Using th e  Reiz q u ad ra tu re  to  in te g ra te  over w avelength g iv es
n4„ M T, T— $
(7-24)
l6rr H T Ng ^  ^  nX
D(2n - l )  p^ \ A (7-25)
or fo r  a g ray  cloud iS r  ü  { S  w „  T*''
,  1ST p D %E (T_26 )
(Hj, + | ) ( 2 n  - 1)
The eq uations d e riv ed  in  t h i s  s e c tio n  a re  su b je c t to  th e  same l im i ta ­
t io n s  as equ atio n  (7 -1 8 ) . See Appendix D.
CHAPTER V III 
DISCUSSION OF RESULTS
Some q u a l i ta t iv e  r e s u l t s  o f t h i s  in v e s t ig a t io n  a re  p re sen ted  in  
F igures 8-1  through  8-12. The curves used  in  th e  com parispns a re  taken  
from Chapter V.
F igu res 8-1  th rough^8-8 concern th e  case o f em ission  from th e  su r­
face  a t  th e  hase o f th e  c loud . In  F ig u res  8-1  through  8-5 th e  e f f e c t  o f 
is o tro p ic  and a n iso tro p ic  s c a t te r in g  on th e  f lu x  s c a t te r e d  hack to  th e  
hase  p lane  hy th e  p a r t i c l e  cloud i s  compared. The com parison is  made 
a t  f iv e  d i f f e r e n t  v a lu es  o f  o p t ic a l  d iam eter ( t ) .  I f  one examines th e  
curves a t  some g iven  ra d iu s  r a t i o  ( r /R  = 4) and assumes th a t  th e  f lu x  
em itted  hy th e  hase  su rface  i s  c o n s ta n t th en  th e  fo llo w in g  e f f e c t s  can 
he n o ted . At an o p t ic a l  d iam eter o f  .5  th e  is o tro p ic  s c a t te r in g  r e s u l t  
i s  150 p e r c e n t  g re a te r  than  th e  a n is o tro p ic  r e s u l t .  This d if fe re n c e  
d ecreases  to  100 p e r c e n t  a t  t  = 1 and to  50 p e rc en t a t  t  = 2 . The 
R ayleigh  s c a t te r in g  r e s u l t ,  which was c a lc u la te d  a t  t  = 1 and t  =2, 
c o in c id es  w ith  th e  is o tro p ic  r e s u l t .  At t  = 5 th e  r e s u l t  i s  e s s e n t ia l ly  
th e  same f o r  is o tro p ic  and a n is o tro p ic  s c a t te r in g .  At t  = 10 th e  a n iso ­
t ro p ic  r e s u l t  p rov ides th e  g re a te r  f lu x ,  he ing  some 30 p e rc en t h ig h e r 
than  fo r  is o tro p ic  s c a t te r in g .








\  • F ig u r e  8 - 1 .  S c a t t e r l i ig  C om parison
\  * E m iss io n  from  S u r f s e e  a t  B a se
\  \  O p t ic a l  D ia m eter  . 5
'  • S c a t t e r i n g /E x t in c t i o n  1
'  • H e ig h t/D ia m e ter -  5%
\
\












I s o t r o p i c  N









\  t  F ig u r e  8 - 2 ,  S c a t t e r i n g  C om parison
% y E m issio n  from  S u rfa ce : a t  B ase
\ • O p t ic a l  D ia m eter  1
V S c a t t è r in g /E x t in o t ib n  1
I *, H e ig h t/D ia m e te r  5
\  • .








I s o t r o p i c \  •*  
" sA n is o tr o p ic  n  «.
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F ig u r e  8 - 3 .  S c a t t e r in g  C om parison
E m issio n  from  S u r fa c e  a t  B ase  
O p t ic a l  D ia m eter  2
. S c a t te r in g /E b c t in c t io n  1
H e ig h t/D ia m e ter  5
.01
,001




I s o t r o p ic  
«  -  -  •  A n is o tr o p ic  
• • • •  R a y le ig h
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I  F ig u r e  8 - 4 ,  S c a t t e r in g  Com parison
1 L  I• r   ^ E m iss io n  from  S u r fa c e  a t  B ase
w O p t ic a l  D ia m eter  5
, \  S c a t t e r in g /E b c t in c t io n  1
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F ig u r e  8 -5 »  S c a t t e r i n g  C om parison
E m issio n  from  S u r fa c e  a t  B a se  
O p t ic a l  D ia m eter  10
S c a t t  e r in g /B c b in c t  io n  1







I s o t r o p ic
in i s o t r o p i o









F ig u r e  8 - 6 .  H e ig h t  t o  D iam eter  
R a t io  C om parison
E m issio n  from  S u r fa c e  a t  B ase  
O p t ic a l  D iam eter  2
S c a t t e r i n g /E x t in c t i o n  1





H eig h t/D ia m e ter  
« • • • • »  5
.. ... 10
——^  — 20
V
V
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F ig u r e  8 - 7 ,  R a d ia t iv e  E q u ilib r i io a  
and S c a t t e r in g
E m iss io n  fro m  S u r fa c e  a t  B a se  
O p t ic a l  D ia m eter  2
H e ig h t/D ia m e te r  5
Sym b ols:
R a d ia t iv e  E q u ilib r iu m  RE 
I s o t r o p ic  S c a t t e r i n g  I  
S c a t t e r in g /B c b in o t ib n  S /B  










S /E = 1 ,I
S /E = 1 ,A
S /É = .5 ,A ,R E
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flu x  s c a t te r e d  ta c k  to  th e  h ase  p lan e .
F igure  8 -6  shows th e  e f f e c t  o f th e  h e ig h t to  d iam eter r a t i o  fo r  
is o tro p ic  s c a t te r in g  and t  = 2 . The e f f e c t  i s  n e g l ig ib le .
F igure  8 -7  shows th e  e f f e c t  o f  s c a t te r in g  to  e x t in c t io n  r a t i o  fo r  
r a d ia t iv e  e q u ilib riu m  and non r a d ia t iv e  e q u ilib r iu m . I t  should be remem­
bered  th a t  r a d ia t iv e  e q u ilib riu m  w ith  is o tro p ic  s c a t te r in g  i s  independent 
o f  s c a t te r in g  to  e x t in c t io n  r a t i o .  The curves show th a t  r a d ia t iv e  eq u i­
librium  w ith  a n is o tro p ic  s c a t te r in g  moves th e  s o lu tio n  tow ard th a t  o f 
i s o tro p ic  s c a t te r in g  as  expec ted . Non r a d ia t iv e  e q u ilib riu m  g iv es  a 
s u b s ta n t ia l  re d u c tio n  in  f lu x .  For example th e  f lu x  i s  reduced by a 
f a c to r  o f fo u r a t  a ra d iu s  r a t i o  o f  fo u r .
The e f f e c t  o f  o p t ic a l  d iam eter i s  in d ic a te d  in  F igu re  8 -8 .
F ig u res  8-9 th rough  8-12 concern th e  case  o f em ission  w ith in  th e  
c loud . The o r ig in a l  em issions a re  un ifo rm ly  d i s t r ib u te d  th roughou t th e  
c loud . The energy r a t i o  i s  th e  r a t i o  o f th e  energy h i t t i n g  a t  ra d iu s  
r a t i o  r /R  to  th e  energy le av in g  th e  cloud and as such can be co n sidered  
a q u asi c o n f ig u ra tio n  f a c to r .
F igure  8-9 shows th e  e f f e c t  o f  o p t ic a l  d iam eter w hile  F igure  8-10 
shows th e  e f f e c t  o f  h e ig h t to  d iam eter r a t i o  a t  t  = 2. F ig u res  8-11 and 
8-12 compare th e  e f f e c t s  o f a n is o tro p ic  s c a t te r in g  and is o tro p ic  s c a t ­
te r in g .  I t  i s  shown th a t  f o r  t  = 2 and 5 a n is o tro p ic  s c a t te r in g  g iv es  
h ig h e r v a lu es  th an  is o tro p ic  s c a t te r in g .  This would correspond to  a -  
h ig h e r em ittan ce  f o r  th e  a n is o tro p ic  s c a t te r in g  cloud which ag rees  w ith  
th e  g e n e ra l o b se rv a tio n s  o f  R ochelle  (2 4 ) .
In  F igure  8-13 th e  ap p aren t em ittan ce  of th e  p a r t i c l e  cloud i s  com­
pared  w ith  ap p aren t em ittan ce  v a lu es  o f o th e r  p a r t i c l e  clouds as p re se n t-
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FIGTJRS 3 -1 3  
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ed in  th e  l i t e r a t u r e .  S ince th e  a u th o r knows o f no o th e r so lu tio n  fo r  
f i n i t e  c y l in d r ic a l  systems a s t r i c t  comparison cannot he made. The
approxim ate n a tu re  o f eq u a tio n  7 - l8  a ls o  makes a t ru e  comparison d i f f i ­
c u l t .  N e v erth e le ss , some in d ic a tio n  o f th e  v a l id i ty  o f th e  cu rre n t 
s o lu tio n  may he a ffo rd ed  hy a comparison w ith  o th e r  r e la te d  r e s u l t s .  
Hence, F igure  8- I 3 .
The f i n i t e  c y lin d e r  which is  used in  th e  comparison has a h e ig h t to  
d iam eter r a t i o  o f  f iv e ,  is o tro p ic  s c a t te r in g  and i s  a r b i t r a r i l y  viewed 
from a ra d iu s  r a t i o  o f  fo u r . The em ittan ce  i s  p re sen ted  fo r  th re e  va lu es  
o f a b so rp tio n  to  e x tin c t io n  r a t i o  and is  shown in  curves 1> and 8. 
Curve k r e f l e c t s  th e  c o rre c t io n  a p p lie d  to  curve 3 s s  d esc rib ed  in  Appen­
d ix  D.
Curves 1 , 3 , and 6 a re  taken  from (24) and a re  fo r  an i n f i n i t e  s la b  
o f f i n i t e  th ic k n e ss . Curve 2 i s  tak en  from ( 28) and i s  fo r  an i n f i n i t e  
c y lin d e r o f f i n i t e  d iam e te r . P o in t 9 i s  tak en  from ( l2 )  fo r  a te n
degree s e m i- in f in i te  cone a t  a ra d iu s  r a t i o  o f 2.
In  ( 37 , 38) T ien and Abu-Romia p re se n t curves fo r  th e  " s p e c tra l  
apparen t e m iss iv ity "  in  th e  base p lane  o f a s e m i- in f in i te  c y l in d r ic a l  
gas body. The gas i s  assumed to  be uniform  and iso th e rm a l. As d efin ed  
in  ( 37) ,  th e  " s p e c tr a l  apparen t e m is s iv ity "  i s  th e  r a t i o  o f th e  mono­
chrom atic r a d ia t iv e  f lu x  in c id e n t on a su rface  elem ent to  th a t  which 
would leav e  th e  su rfa ce  elem ent i f  i t  were b la c k  and a t  th e  same tem per­
a tu re  as th e  c loud. This d e f in i t io n  o f e m is s iv ity  i s  somewhat unusual 
and is  n o t an apparen t em ittance  o f th e  c y l in d r ic a l  c loud. N ev erth e less  
i t  i s  in s t r u c t iv e  to  compare th e  v a lu es  o f " s p e c tr a l  apparen t e m is s iv ity "  
as c a lc u la te d  from th i s  work w ith  th o se  o f (37)«
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The a p p ro p ria te  v a lu es  f o r  th e  comparison a re  obtained, by m u lti­
p ly in g  th o se  from eq u atio n  (T-18) by th e  f a c to r  ^2h*cyl^^n* compar­
iso n  i s  made fo r  a ra d iu s  r a t i o  o f 1.25* This corresponds to  th e  mid­
p o in t o f r in g  th re e  which i s  c lo se  to  th e  base  o f th e  c y lin d e r  and from 
which th e  f i n i t e  cloud and th e  s e m i- in f in i te  cloud should appear much
th e  same. The r e s u l t s ,  shown connected by a smooth curve in  F igu re
8 - lh ,  seem to  be in  v e ry  good agreem ent.
As a q u a n t i ta t iv e  i l l u s t r a t i o n  o f  th e  methods o f t h i s  work i t  seems 
a p p ro p ria te  to  co n sid e r an example problem. Suppose one d e s i r e s  to  know 
th e  va lue  o f r a d ia n t  f lu x  a t  a p o in t in  th e  base  p lan e  o f a f i n i t e  c y l in ­
d r i c a l  p a r t i c l e  cloud and su rfa ce  system  w ith  th e  fo llo w in g  c h a r a c te r i s ­
t i c s  :
C y linder O p tic a l D iam eter t  = 2
P a r t i c le  Cloud Tem perature T^ = ^500°R
Base S urface  Tem perature T^ = 7200°R
R atio  o f  A bsorp tion  to  E x tin c tio n  h/P  = .005 
F lux i s  d e s ire d  a t  r /R  = 3*75
Both is o tro p ic  and a n iso tro p ic  s c a t te r in g  a re  to  be 
co n sid ered .
The su rfa ce  i s  b la c k  and th e  cloud g ray .
H eight to  d iam eter r a t i o  h/ d = 5 
Consider f i r s t  th e  f lu x  r e s u l t in g  from ra d ia t io n  em itted  by th e  base  
su rface  and s c a t te re d  by th e  p a r t i c l e  c loud. E quation  (7 -8 ) a p p lie s  
and becomes
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th e  s c a t te r in g  to  e x t in c t io n  r a t i o  as u n ity  fo r  t h i s  p o r tio n  o f th e  
prohlem . Thus from page 78 f ^  = .00215 fo r  is o tro p ic  s c a t te r in g  and 
from page 79 f^  = .OOIÀ5 fo r  a n is o tro p ic  s c a t te r in g  (assum ing th e  a n iso ­
t ro p ic  s c a t te r in g  fu n c tio n  to  he th e  one d esc rib ed  in  Chapter IV ). The 
f lu x  from th e  su rfa c e  to  th e  p o in t i s  th u s  9880 BTU Hr ^ F t ^ fo r  i s o ­
tr o p ic  s c a t te r in g  and 667O BTU Hr ^ F t ^ fo r  a n iso tro p ic  s c a t te r in g .
The f lu x  r e s u l t in g  from em ission  w ith in  th e  cloud is  found u sin g  
eq u ation  (7 -2 6 ) . I t  should he no ted  th a t  th e  ra d iu s  r a t i o  chosen fo r  
t h i s  prohlem  corresponds to  th e  m idpoint o f r in g  number e i g h t \  Using
n = 8 and da ta  o f  pages 68 , 69 , ^3 snd k6 g iv es  f lu x e s  o f 483 BTU Hr ^
-2 -1  -2F t fo r  i s o tro p ic  s c a t te r in g  and 525 BTU Hr F t fo r  a n is o tro p ic  s c a t ­
te r in g .
The param eters o f th e  above prohlem were chosen to  he somewhat 
r e p re s e n ta t iv e  o f th o se  o f a m e ta lized  p ro p e lla n t ro ck e t w ith  th e  base  
su rfa ce  re p re se n tin g  th e  h igh  tem peratu re  combustion chamber r a d ia t in g  
to  th e  p a r t i c l e  c loud . Of course allow ance must be made fo r  nozzle  ex­
pansion  r a t i o .  This could be done in  th e  program by reducing  th e  ra d iu s  
o f th e  e m ittin g  su r fa c e . In  th e  absence o f d a ta  fo r  th a t  c o n d itio n , 
however, an approxim ation can be made by sim ply reducing  th e  f lu x  by a 
f a c to r  eq u a l to  th e  expansion r a t i o .  I f  an expansion r a t i o  o f tw enty 
- i s  assumed th en  th e  f lu x  components from th e  su rface  and from th e  cloud 
become o f th e  same o rd er o f  m agnitude fo r  th e  tem pera tu res co n sid ered .
^ I t  should be ev id en t th a t  th e  need fo r  such a choice e x i s t s  only 
because o f th e  fo rm u la tio n  o f eq u a tio n  ( 7- 26 ) .  I t  would be q u ite  p o s s i­
b le  to  combine # and (2n -  l )  in  a f a c to r  p lo t te d  as a fu n c tio n  o f r a d i ­
us r a t i o .  This was no t done in  t h i s  work because o f th e  need fo r  $ 
a lone in  eq u a tio n  ( 7- I 8 ) and th e  la c k  o f p h y s ic a l s ig n if ic a n c e  o f such 
a f a c to r .
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Thus "both a re  im portan t c o n tr ib u tio n s  to  th e  t o t a l  h e a t f lu x  and a ttem p ts  
to  determ ine th e  apparen t em ittance  o f ro c k e t exhaust plumes from e f f e c ­
t iv e  tem p e ra tu res , c o n fig u ra tio n  f a c to r s  and h e a tin g  r a te s  ( i . e . ,  =
Q ^/oT ) as -was done in  (20) must in c lu d e  b o th  c o n s id e ra tio n s .^aD a 08
CHAPTER IX 
CONCLUSIONS AND CLOSURE
The Monto C a rlo  method h as  heen  shown to  he  a f e a s ib l e  m ethod f o r  
a n a ly z in g  th e  r a d i a t i v e  h e a t  t r a n s f e r  t o  th e  b a se  re g io n  o f  a c y l i n d r i ­
c a l  p a r t i c l e  c lo u d . The e f f e c t s  o f  a n i s o t r o p ic  s c a t t e r in g  can be in ­
c lu d ed  th ro u g h  u se  o f  th e  ap p ro x im atio n  d ev e lo p ed  in  C hap ter IV.
The com puter program  p re s e n te d  in  Appendix A i s  b e l ie v e d  to  be  a 
u s e f u l  t o o l  f o r  th e  in v e s t ig a t io n  o f  c e r t a i n  a s p e c ts  o f  r a d ia n t  h e a t in g  
by m e ta liz e d  p r o p e l l a n t  ro c k e t  e x h a u s ts .  S p e c i f i c a l l y ,  th e  im portance  
o f  a n is o t r o p ic  s c a t t e r i n g  and s e a r c h l ig h t  e f f e c t  on b a se  h e a t in g  co u ld  
be f r u i t f u l l y  exam ined.
There does n o t seem to  be any re a s o n  why th e  combined e f f e c t s  o f  
g a s - p a r t i c l e  e m iss io n  co u ld  n o t be exam ined in  t h i s  way. I t  would ap ­
p e a r  to  be a m a tte r  o f  sim ply  s p e c ify in g  an a p p ro p r ia te  e m iss iv e  power 
d i s t r i b u t i o n ,  r a t h e r  th a n  th e  u n ifo rm  so u rce  u sed  in  t h i s  w ork, and sum­
ming over th e  a p p l ic a b le  w aveleng th  i n t e r v a l s .  The same can be  s a id  f o r  
s p e c if ie d  te m p e ra tu re  d i s t r i b u t i o n s  in  th e  c lo u d  a s  lo n g  a s  th e  e x t in c ­
t i o n  c o e f f i c i e n t  does n o t  v a ry  s i g n i f i c a n t l y  w ith  te m p e ra tu re .
A s e v e re  l i m i t a t i o n  e x i s t s  in  r e g a rd  t o  o th e r  th a n  u n ifo rm  p a r t i c l e  
d i s t r i b u t i o n s .  The a u th o r  b e l ie v e s  i t  i s  i n f e a s i b l e  to  c o n s id e r  d i s t r i ­
b u tio n s  in  w hich th e  e x t in c t io n  c o e f f i c i e n t  v a r i e s  c o n tin u o u s ly  a lo n g
12k
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th e  photon p a th  a lthough  i t  may he p o s s ib le  to  s e c tio n  th e  cloud and 
perm it d i f f e r e n t  o p t ic a l  p ro p e r t ie s  in  each s e c t io n . The d i f f i c u l t y  
a r i s e s  in  th e  need to  determ ine th e  o p t ic a l  dep th  from any p o in t in  th e  
cloud to  th e  cloud su rfa ce  along any d i r e c t io n .  This l im i ta t io n  would 
no t e x i s t  in  p lane  p a r a l l e l  geometry so th e  method would seem to  have 
even more prom ise fo r  a n is o tro p ic  s c a t te r in g  an a ly ses  in  th a t  geom etry.
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The com puter p rogram s, and t h e i r  im put fo rm a ts , u sed  in  t h i s  work 
a re  l i s t e d  in  t h i s  ap p en d ix . The program s w ere o r i g i n a l l y  w r i t t e n  in  
FORTRAN II -D  and co n v e rted  to  he co m p atib le  w ith  th e  FORTRAN IV , IBM 
?04o system  a t  AFRPD. Subsequent m o d if ic a t io n s  used  FORTRAN IV. The 
random number g e n e ra to r  was a v a i la b le  and i s  p re s e n te d  f o r  in fo rm a tio n  
o n ly . I t  i s  l i s t e d  in  MAP.
The ru n n in g  tim e s  f o r  th e s e  program s w ere a lm o st a l i n e a r  fu n c tio n  
o f  th e  o p t i c a l  d ia m e te r . T ab le  A -1 g iv e s  an  in d ic a t io n  o f  th e  tim e r e ­





O p tic a l
Diam eter
Type
S c a tte r in g
Time per 
10,000 H is to r ie s
Cloud 2 I 5 (m in .)
tt 2 A 7
tl 5 I 12
II 5 A 17
























The In p u t V a r ia b le s
D e s c r ip t io n
The number o f  p r in to u t s  d e s i r e d .  The program  p r i n t s  
r e s u l t s  a f t e r  co m p le tio n  o f  a f ix e d  number (N) o f  
pho ton  h i s t o r i e s .  IPHIL d e te rm in e s  th e  number o f  
tim e s  th e  program  -w ill t r a c e  N photon  h i s t o r i e s .
Thus IPHIL tim es  N i s  th e  number o f  h i s t o r i e s  t r a c e d .  
F lag  f o r  non r a d i a t i v e  e q u i l ib r iu m . I f  th e  v a lu e  i s  
o th e r  th a n  zero  o r  b la n k  th e  c loud  w i l l  n o t be in  r a d i ­
a t i v e  e q u i l ib r iu m .
The h e ig h t  to  d ia m e te r  r a t i o  o f  th e  c lo u d .
The c y l in d e r  o p t i c a l  d ia m e te r .
The s c a t t e r in g  to  e x t in c t io n  r a t i o .
The number o f  h i s t o r i e s  t r a c e d  betw een p r in t o u t s .
F lag  f o r  s c a t t e r in g .  I f  th e  v a lu e  i s  o th e r  th a n  b la n k  
o r  ze ro  th e  c loud  w i l l  u se  th e  a n is o t r o p ic  s c a t t e r ­
ing  ap p ro x im atio n .
The number o f  r in g s  on w hich h i t s  a re  to  be  re c o rd e d . 
The r a t i o  o f  th e  w id th  o f  a r in g  t o  th e  r a d iu s  o f  
th e  c lo u d .
The h e ig h t  o f  th e  b a se  o f  th e  c loud  above th e  p la n e  
on w hich h i t s  a r e  re c o rd e d  d iv id e d  by th e  c loud
SA, SB, . . . ,  SJ
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d ia m e te r .  I t  i s  u sed  o n ly  when em iss io n  i s  from 
th e  c lo u d  and i s  n o rm a lly  z e ro  ( h la n k ) .
P a ra m e te rs  o f  th e  a n i s o t r o p ic  s c a t t e r in g  approxim a­
t i o n  a s  d e s c r ib e d  in  C hap ter IV.
In p u t Format
, Number Columns Form at V a ria b le
1 1-5 I  5 IPHIL
5-10 I  5 IBEQ
2 1-10 F10.2 HTOD
11-20 F10.2 TAU
21-30 F10.2 SIGBET
31-35 I  5 N
36-40 I  5 ISO
41-45 I  5 NR
4 6 -6o F I5 .2 RW
61-70 F10.2 BHD
3 1-50 5 F10.2 SA, • . . ,
4 1-50 5 F10.2 SD, . . * ,
c THEMAL RADIATION FROM A FINITE CYLINDRICAL CLOUD OF ABSORBING#















U I= .49178433 ^





DO 337 I=1#NR 
RIN=I
337 ARRIN G (I)=2.*RIN -1.0  
IF (IS O )9 0 1 ,9 0 2 # 9 0 1  













A6=.5*CSD-SC) * ( SG-SF)
A7=CS0-SCJ*SF





























DO 903 1 = 1 ,NR 
903 A U )= 0
DO 5001 IPHM=1,IPHIL


















CALCULATE MAXIMUM INTERNAL PATH LENGTH
3 C0AL=-C0S(AZ1-THETA)
E=R1*C0AL
ELS=E+SQRT « E*E+R*R-R1*R1Î 
SIET=1.0-C0ET*C0ET 
ELMAX=ELS/SIET 





CALCULATE PROBABLE PATH LENGTH
66 U=RAND1(UE)
UE=U
ELP=-ALOGIU) /TAU*2.0  
DETERMINE IF PHOTON ESCAPES 
IF(ELMAX-ELP)60,60»7







IF (B E T A )15 ,16 ,16
15 BETA=BETA*PI
16 YAW=THETA-AZ1 
IF (Y A W )2l,22 ,22
21 YAN=sYAH*2.0*PI
22 IF (Y A W -P I)23 ,25 ,25  h
23 AZ2=AZ1+BETA 








1 1 = 1 2
DETERMINE IF SCATTERED OR ABSORBED 
U=RAND1(UF)
UF=U
I F IU-SIG8ET}5715 6 ,5 6
56 KABS=KABS+1




PICK SCATTERING DIRECTION 









702 IF fU -C lK )7 0 3 ,7 04 ,7 0 5
703 PM213= (S 3 - 2 .0 » ( U*AK-A1) * S2)





705 IF (U -C 2 K )7 06 ,70 7 ,7 08  w
706 PM213=CS5-2.0*(U*AK-C1)*S4)





708 IF tU -C 3 K )7 0 9 ,7 I0 ,7 1 I
709 PM213=(S7-2.0*(U*AKrC2)*S6)





711 IF !U ^C 4 K )T 12 ,713 ,7 I4
712 PM213= { S9+2.0*CU*AK^C3) * S8)






















I F (R X )H 2 ,1 1 3 ,1 1 3
112 THETA=THETA+PI 
G0T0115












DOES IT HIT THE PLANE
60 IF tC 0 E T )6 2 ,6 1 ,6 1
61 IMISS=IMISS+1 
GOTOlOO










100  M=M+1 
RM=M
DOlOl 1 = 1 ,NR _
101 A(I)=A (I)/RM /A RRING(I) w 
OUTPUT
PRINT98,TAU
98 FORMAT!1H1«14X,22HCYLIN0ER OPTICAL DEPTH,F18i3)
PRINT97,HT0D 
97 FORMAT! 15X,24HHEIGHT TO DIAMETER RAT 1 0 ,F 16;.3)
PRINT977,BHD
977 FORMAT!15X,29HBASE HEIGHT TO DIAMETER RATIO,F11^3)
PRINT89,SIGBET 
89 FORMAT!15X,30HSCATTERING TO EXTINCTION RATIO,F10;3)









91 F 0 R M A T ( 2 0 X , 2 H A = ,F 7 .4 ,3 X ,2 H B = ,F 7 .3 ,3 X ,2 H C = ,F 7 .3 ,3 X ,2 H D = ,F 7 .3 ,3 X ,  
1 2 H E = , F 7 . 3 / / )
PR IN T9Il»SF ,SG ,SH tSI>SJ
9 1 1  F 0 R M A T * 2 0 X ,2 H F = ,F 7 .4 ,3 X ,2 H G = ,F 7 .3 ,3 X ,2 H H = ,F 7 .3 ,3 X ,2 H 1 = ,F 7 .3 ,3 X ,  
1 2 H J = , F 7 . 3 / / / >
G0T0132
131 PRINT90
90 FORMATU5X,20HISOTROPIC SC A TTER IN G //////)
132 PRINT96
96 FORMAT!15X,67HEHISSI0NS REEMISSIONS ABSORPTIONS SCATTERINGS M 
IISSES OUTSIDE)
PRINT95,M,1REM,KABS«ISCAT«IMISS.lOUT
95  FORMAT!120«3I13«1 9 , 1 1 0 / / / }
PRINT93,RW
93 F0RMAT!15X,21HHITS/EMISSI0NS/!2N-1),13H RING WIDTH= ,F 5 .2 ,1 H R / / )  
P R IN T 9 4 r ! I ,A ! l ) , I= i l ,N R )  g
9 4  F 0 R M A T I 1 5 X t I 3 , F 1 1 . 8 , 5 X , I 3 , F 1 1 . 8 , 5 X , I 3 , F 1 1 . 8 , 5 X , 1 3 , F 1 1 . 8 )
DO 5000 1 = 1 ,NR
5000 A!1)=A!I)*RM*ARRING!I)
I F tXSO}5050ÿ5001,5 0 5 0
5050 SA=SA/180vO*PI 





GO TO 4003 
END
c THERMAL RADIATION SCATTERED BY A FINITE CYLINDRICAL CLOUD OF





READ99,HT0D,TAU,SIGBET,N ëISO ,NR,RW 









U I= .49178433 _




DO 337 1 = 1 ,NR
RIN=I
337 APA R(I)=K /(RW »RH *(2.»RIN >1.))
IF f IS O > 9 0 1 ,9 0 2 ,9 0 1  
901 READ 9 9 1 ,SA,SB ,SC ,SD ,SE 





S 0= S 0 /1 8 0 .0 « P I
SE=S€/180W0*PI
A1=.5*SA*SJ
A 2«.5*(SB -SA )*!SJ-SH )
A3=CS8-SA)*SH 
A4=. 5 * ( SC-SB}* C SH-SG} 
A5=CSC-SB)*SG 
A6=• 5 * ISO-SC)* { S 6 -S F ) 
A7=(SD-SC)*SF 
AS-.5*<SE-SD) * ( S I - S F ) 
A9=(SE-SD)*SF 











S6=(SD -SC )/(SG -SF) 
S7=S6#S6*SG*SG 














DO 903 1 = 1 ,NR
903 A (I )= 0
DO 5001 IPHM=1,IPHIL































DETERMINE IF PHOTON ESCAPES 
1F(ELMAX-ELP) 6 0 r6 0 r7





COBET=-tC*C-Rl*RI-R2»R2) / 12 - 0»RI*R2>
BETA=ATAN(SIBET/COBET)
IF (B E T A )15 ,16 ,16
15 BETA=BETA+PI
16 YAW=THETA-AZ1 
IF (Y A W )2i,22 ,22
21 YAW=YAW+2.0*PI
22 IF IY A H -PI)23 t2 5 ,2 5
23 AZ2=AZ1+BETA 
IF (A Z 2 - 2 .0 * P I )5 5 ,5 5 ,2 4
24 AZ2=AZ2-2.0*PI 
G0T055






DETERMINE IF SCATTERED OR ABSORBED 
U=RAND1(UF)
UF=U
IF(U -SIG B E T )57 ,56 ,56
56 *ABS=KABS+1 




PICK SCATTERING DIRECTION 









702 I F IU-CIK> 70 3 ,7 04 ,70 5
703 PM 213=(S3-2.0*(U*AK-A1)*52)





705 IF (U -C 2K )70 6 ,7 0 7 ,7 0 8
706 PM 213=(S5-2.0*(U*AK-C1)*S4)





708 IF«U -C3K )709,7 1 0 ,7 1 1
709 PM213*{S7-2.0*<U*AKt*C2)*S6)





711 IFCU ^C4K )712,713,714
712 PM2I3=(S9+Z.0«(U*AK^C3)*S8)






















I F f R X ) I 1 2 r l l 3 ,1 1 3
112 THETA=THETA+PI 
G0TQ115












DOES IT HIT THE PLANE
60 IF iC 0 E T )6 2 ,6 1 ,6 1
61 IMISS=IMISS+1
GOTOlOO









1 00  M=M+1 
RM=M




976 F0RMAT(1H1,14X,47HEMISSI0N FROM BLACK SURFACE AT BASE OF CYLINDER
1 / / )  f-
PRINT98.TAU
98 FQRMATC15X,22HCYLINDER OPTICAL DEPTH,F18.3)
PRINT97,HT0D
97 FORMAT! 15X,24HHEIGHT TO DIAMETER RATIO,FI6i.3 J 
PRINT89,SI6BET 
89 F0RMATI15X,30HSCATTERING TO EXTINCTION RATIO,FlQi3)









91 FGRM A T!20X,2H A=,F7.4,3X ,2H B=,F7.3,3X ,2HC=,F7.3,3X ,2H D=,F7.3,3X , 
1 2 H E = ,F 7 .3 / / )
PR IN T 911 ,S F ,S G ,S H ,SI.S J
911 F0R M A T(20X ,2H F=,F7.4 ,3X ,2H G =,F7.3 ,3X ,2H H =,F7.3«3X ,2H I=,F7.3«3X , 
1 2 H J = ,F 7 .3 / / / )
6QT0132
131 PRINT90
90 FORMAT*15X,20HISOTROPIC SC A TTER IN G //////)
132 PRINT96
96 FORMAT*15X»67HEMISSI0NS REEMISSIONS ABSORPTIONS SCATTERINGS M 
IISSES OUTSIDE)
PRINT95.M,IREM.KABS.ISCAT,IMISS.lOUT
95 FORMAT*1 2 0 ,3 1 1 3 ,1 9 ,11 0 / / / )
PRINT93,RH
93 FORMAT*15X,10HFLUX RATIO,13H RING WIDTH= ,F 5 .2 , lH R / />
P R IN T 9 4 ,( I ,A f1 ) , I= 1 ,N R )
94 F 0 R M A T C 1 5 X ,I3 ,F 1 1 .8 ,5 X ,I3 ,F 1 1 .8 ,5 X ,I3 ,F 1 1 « 8 ,5 X ,I3 ,F I1 .8 J  
DO 5000 1 = 1 , NR
5000 A*I)=A*I)*RM/APAR(I) g  
IF * iS O )5 0 5 0 f5 0 0 1 ,5 0 5 0
5050 SA=SA/180.0*PI 
SB =Sfi/I80 .0*PI 
SC=SC/180*0*PI 
SD=SD/180v0*PI 
S E = S E /I80 .0*P I
5001 CONTINUE 















TXH A 3 ,4 ,3 5
STA A4
PXD 0 ,0
A4 LLS • •
TRA AB

































I t  i s  n o t th e  purpose o f t h i s  s e c t io n  to  develop th e  r e l a t io n s  or 
prove th e  theorem s o f  th e  th e o ry  o f p ro h a h i l i ty .  I t  i s ,  r a th e r ,  to  con­
c i s e ly  s t a t e  th e  r e la t io n s  and theorem s which a re  used  so t h a t  te rm in o l­
ogy w i l l  n o t he m isunderstood , to  in d ic a te  how th e se  r e l a t io n s  a re  ap­
p l ie d ,  and to  show th e  v a l id i ty  o f  th e  method o f a p p l ic a t io n . R eferences 
17, 3^; 35; 36 were used in  p re p a ra t io n  o f t h i s  appendix .
The term  "random v a r ia b le "  i s  used  to  denote a r e a l  number whose 
v a lue  i s  determ ined  by th e  outcome o f a random experim ent.
A "random experim ent" i s  an em perica l experim ent c h a ra c te r iz e d  by 
th e  p ro p e rty  th a t  i t s  outcome under a g iven  s e t  o f  c ircum stances i s  n o t 
alw ays th e  same b u t r a th e r  d i f f e r s  in  such a way th a t  numbers e x i s t  b e ­
tween 0 and 1 which re p re se n t th e  r e l a t i v e  frequency  w ith  which th e  d i f ­
f e r e n t  p o s s ib le  outcomes (e v e n ts )  occur in  a loiîg s e r ie s  o f  independent 
t r i a l s  o f  th e  experim ent.
A "random even t"  i s  one whose r e l a t i v e  frequency  o f o ccu rren ce , in  
a ve ry  long sequence o f t r i a l s  o f  th e  random experim ent in  which th e  
even t may o ccu r, approaches a s ta b le  l im i t  v a lue  as th e  number o f  observa­
t io n s  i s  in c re ase d  toward in f i n i t y .
The " p ro b a b ili ty "  o f a random ev en t i s  th e  l im i t  v a lue  o f i t s  r e l a ­
t iv e  frequency o f o ccu rrence .
i;i
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A "p ro 'b a 'b ility  fu n c tio n "  i s  a r u le  de fin ed  over th e  com plete sample
space S o f  a random experim ent which a ss ig n s  to  every  even t A, a su b se t
of th e  sample space S, a non n e g a tiv e  r e a l  number denoted by P(A) and 
conforming to  th e  fo llow ing  axioms
(1 ) P(A) ^  0
(2 ) P(S) = 1
(3 ) For a s e r ie s  o f m utua lly  ex c lu s iv e  ev en ts  A^, A^ 
P(A^UAgU . . .  UA^) = P(A^) + P(A g) + . . .  + P(A^)
A "num erical va lued  random experim ent" i s  a random experim ent whose 
sample d e s c r ip t io n  space i s  th e  s e t  o f a l l  r e a l  numbers from ~ »  to  +
The " d i s t r ib u t io n  fu n c tio n " , F (x ) , o f a num erical valued  random ex­
perim ent i s  d e fin e d  as  having as  i t s  va lue  a t  any r e a l  number x , th e  
p ro b a b i l i ty  th a t  an outcome o f a t r i a l  o f th e  experim ent w i l l  be le s s  
th an  or eq u a l to  th e  number x . In  a d d itio n
Lim F(x) = 0 Dim F(x) = 1
X  - ♦  -0 0  X  - »  + 0 0
and fo r th is  work F(x) must be continuous monotone increasing between 
the values 0 and 1 for 0 ^  x ^  + o o
The " p ro b a b il i ty  d e n s ity  fu n c tio n "  i s  d e fin ed  as
f ( x )  =
Since F(x) is  continuous and monotone increasing
f ( x )  = 0
and F(x) is  continuous (except perhaps a t  a f in i te  number of po in ts).
In  a d d it io n
X  i o o
F(x) = J  f ( x )  dx J  f ( x )  dx = 1
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J o in t ly  d is t r ib u te d  random v a r ia b le s  a re  independent i f  t h e i r  j o in t  
d i s t r ib u t io n  fu n c tio n  can be w r i t te n  as th e  p roduct o f  t h e i r  in d iv id u a l 
d i s t r ib u t io n  fu n c tio n s .
F (x ,y ,z )  = F^(x ) Fg(y) F^(z)
J o in t ly  d i s t r ib u te d  random v a r ia b le s  a re  independent i f  t h e i r  jo in t  
p ro b a b i l i ty  d e n s ity  fu n c tio n  can be w r i t te n  as  th e  p roduct o f  t h e i r  in ­
d iv id u a l p ro b a b i l i ty  d e n s ity  fu n c tio n s .
f ( x ,y ,z )  = f^ (x )  fg (y ) f^ (z )
In  g e n e ra l, g iven  any jo in t  p ro b a b i l i ty  d e n s ity  fu n c tio n  f(x^ ,X g ,
Xg) th e  in d iv id u a l d e n s ity  o f any v a r ia te  may be found by in te g ra t in g  
th e  fu n c tio n  w ith  re s p e c t to  a l l  o th e r v a r iâ te s  between th e  l im i t s  - »  
to  +00 , Thus .
f ( x j ^ )  =  j*  f(x ^ ^ X g ) d X g  
In  t h i s  work v a lu es  f o r  th e  v a rio u s  v a r ia b le s  must be chosen a t  de­
c is io n  p o in ts  along  th e  photon p a th . These v a lu es  a re  to  be chosen ra n ­
domly b u t th e  d i s t r ib u t io n  o f v a lu es  used  fo r  any one v a r ia b le ,  a f t e r  a 
la rg e  number o f v a lu es  have been chosen, must conform to  th e  p ro b a b i l i ty  
d e n s ity  fu n c tio n  fo r  th a t  v a r ia b le .  Hence one must t r e a t  th e  s e le c t io n  
o f v a lu es  f o r  each v a r ia b le  as a num erical va lued  random experim ent. The 
random even t which occurs i s  th a t  th e  va lue  chosen w i l l  l i e  w ith in  some 
in te r v a l  ( i . e . , between x and x + 6x ) . The p ro b a b i l i ty  fu n c tio n  i s  de­
f in e d  in  term s o f  th e  p ro b a b i l i ty  d e n s ity  fu n c tio n s . For example th e  
p r o b a b i l i ty  th a t  a va lue  o f  x w i l l  l i e  between a and b i s
P(a < X ^  b )  = J  f(x )d x  = F(b) -  F (a ) (B -l)
a
P ro b a b il i ty  zero  i s  a ss ig n ed  to  th o se  ev en ts  d e fin ed  on in te rv a ls  o f  th e
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sample d e s c r ip t io n  space which a re  n o t p h y s ic a lly  p o s s ib le  ( i . e . ; 
p ro b a b i l i ty  o f  n e g a tiv e  le n g th  i s  z e ro ) .
In  s e le c t in g  th e  v a lu e s  o f th e  v a r ia b le s  u se  i s  made o f  psuedo ra n ­
dom numbers (3 2 ) . For t h i s  work a psuedo random number, h e re  a f t e r  c a l l ­
ed random number, i s  d e fin e d  to  be a number between zero  and one which 
i s  a member o f  a m ath em atica lly  g en era ted  s e t  o f numbers un ifo rm ly  d i s ­
t r ib u te d  over th e  in te r v a l  zero  to  one. That i s  to  say , i f  a la rg e  
number o f  random numbers a re  p lo t te d  as  p o in ts  on a l in e  o f  le n g th  one, 
and th e  l in e  i s  su b seq u en tly  d iv id e d  in to  equal s u b in te rv a ls ,  no m a tte r  
how sm all, th e re  w i l l  be abou t th e  same number o f  p o in ts  in  every  i n t e r ­
v a l .  The random numbers can be reproduced  as d e s ir e d . I t  should  be 
noted  th a t  "a la rg e  number" o f  random numbers i s  s t r e s s e d .  There i s  no 
im p lic a tio n  th a t  a sm all number w i l l  be evenly  spaced on th e  in te r v a l  
zero  to  one.
Consider eq u a tio n  (B - l)  and l e t  a = x , b = x + Ax. Then
X + Ax
P(x < x^ = X + Ax) = J* f(x )d x  (B-2)
which, as a consequence o f th e  c o n tin u ity  o f f ( x )  and th e  mean value  
theorem  can be ex p ressed  as
P(x < x^ s  X + Ax) = f(§)A x (B-3)
where |  l i e s  between x and x + Ax. As Ax becomes v ery  sm all th en
P(x < x^ a: X + Ax) = f ( x )  Ax (B-l|-)
Ax -» 0
Hence th e  l im i t  v a lu e  o f th e  r e l a t i v e  frequency  o f occurance o f  v a lu es  
o f Xj^  ly in g  between x and x + Ax i s  exp ressed  by f(x)A x. T his can be 
in te rp re te d  as th e  f r a c t io n  o f th e  t o t a l  number o f v a lu es  o f  x s e le c te d
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which l i e  "between x and x + This i s  expressed  as
= f(x)A x (B-5)
T
Two convenient methods o f in su rin g  th a t  v a lu es  chosen correspond  to  
(B-5) w i l l  he d isc u sse d . The f i r s t  i s  i l l u s t r a t e d  u s in g  F igure  B - l .
The procedure would he to  g en e ra te  a la rg e  number o f p a i r s  o f  random num­
b e rs  (R ^;R y). The numbers would be co n sidered  p o in ts  on th e  re c ta n g u la r  
area  o f th e  f ig u r e ,  (Rote x = 2Rx), and a l l  o f th e  p o in ts  ly in g  above 
th e  graph f ( x )  would be d isc a rd e d . This would leav e  a uniform  d i s t r i b u ­
t io n  o f p o in ts  covering  th e  a rea  under f ( x ) .  The x co o rd in a te s  o f th e se  
p o in ts  would be th e  v a lu es  s e le c te d  fo r  x . The shaded a rea  i s  r e p re s e n t­
ed by th e  ex p re ss io n  f(x^)A x and, s in ce  th e  p o in ts  a re  un ifo rm ly  d i s t r i ­
b u te d , th e  f r a c t io n  o f th e  t o t a l  number o f  p o in ts  which l i e  in  f (x ^ )6 x , 
and hence th e  f r a c t io n  o f v a lu es  o f  x between x^ and x^ + 6x i s
N (x^,6x) f(x ^ )6 x
^ Area Under f ( x )  "  ^ ^ ^ 1 ^ ^
This i s  th e  d i s t r ib u t io n  d e s ire d  in  o rd e r to  s a t i s f y  eq u a tio n  (B -5 ).
The second method i s  to  sim ply s e t  th e  d i s t r ib u t io n  fu n c tio n  equal 
to  a random number and so lv e  fo r  th e  v a r ia b le .
F (x) = R
That t h i s  procedure  s a t i s f i e s  e q u a tio n  (B-5) a f t e r  a la rg e  number o f 
v a lu es  have been determ ined  can be shown w ith  th e  a id  o f F igure  B-2. 
Suppose R^ v a lu es  o f R a re  used a s  F (x ) . The R^ v a lu es  w i l l jb e  un ifo rm ly  
d i s t r ib u te d  along th e  o rd in a te  betw een zero  and one. To f in d  th e  number 
o f v a lu es  o f  x chosen between x and x + 6 x , co n sid e r th e  number o f v a lu es  
o f R which l i e  betw een F(x) and F(x + Ax). S ince th e  v a lu es  a re  uniform -
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ly  d is tr ib u te d ., th e  number between F(x) end. F(x + Ax) i s  sim ply th e  
t o t a l  number m u ltip lied , by th e  le n g th  o f  th e  in te r v a l ,  N^F(x + Ax) - 
F(x)J. Since F(x) i s  monotone in c re a s in g  between zero  and one, th e re  
i s  a unique value  o f  x fo r  every  va lue  o f R. T herefore  th e  number o f 
v a lu es  o f x ly in g  between x and x + Ax i s  nJ^F(x + Ax) - F(x)J. Hence 
th e  f r a c t io n  o f v a lu es  ly in g  between x and x + Ax is
nJ f (x + to ) - F(x)]
or
(b-6)
As Ax goes to  zero  and N^ , becomes la rg e
Thus as  becomes la rg e  (B-6) becomes a good approxim ation to  (B-5)* 
This l a t t e r  method i s  employed th roughout t h i s  work.
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Figure B-2. Graph of F(x)
APPENDIX C
CONFIGURATION FACTORS FROM A FINITE RIGHT CIRCULAR CYLINDER 
TO SURROUNDING BASE RINGS
The c o n f ig u ra tio n  f a c to r s  d e s ire d  a re  in d ic a te d  in  F igu re  C-1.
They a re  from th e  o u ts id e  su rfa ce  of th e  c y lin d e r  to  th e  in d iv id u a l 
hase  r in g s  ( i . e . ,  F ^ ^ ) .
Ham ilton and Morgan (33) p re se n t va lu es  f o r  th e  c o n f ig u ra tio n  f a c t ­
o rs  in  c o n c e n tr ic  f i n i t e  c y lin d e rs  (F ig u re  C -2). In  t h e i r  work su rface  
A^ i s  th e  i n t e r i o r  o f th e  o u te r  c y lin d e r ,  su rfa ce  A^ i s  th e  e x te r io r  o f 
th e  in n e r c y lin d e r  and su rfa c e  A^ i s  th e  hase  a rea  betw een c y lin d e rs .  
Ihey s p e c i f ic a l ly  p re s e n t v a lu es  fo r  F^g.
Using c o n f ig u ra tio n  f a c to r  a lg eb ra  one o b ta in s
1 A 
F _  = è ( l  - 7^  Fnn)
or
23 2 '"  Ag "12 '
^23 '  I'"- - f
C ontinuing w ith  th e  n o ta t io n  o f Ham ilton and Morgan l e t  D = d / r  
and L = t / r .
For u se  in  t h i s  work r  = 1 and -t = 10. From H am ilton and Morgan 




1.5 .641 . 0 1 9 3
2 .464 . 0 3 6 0  '
2 . 5 .3 5 8 .0 5 2 5
3 . 2 8 8 .0 6 8 0
3 . 5 ....... . 0 8 3 0 *
it- .201 . 0 9 8 0
i .^5 ----- . 1 1 1 5 *
5 .1 5 0 .1 2 5 0
5 . 5 ------ .1 3 8 5 *
6 . 1 1 6 .1 5 2 0
^Interpolated, values 
Using the summation ru le  of configuration fac to rs  one obtains the 










^ 2-11 ^ .0135
^ 2-12 ^ .0135
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F ig u r e  C - l .  C o n f ig u r a t io n  F a c to r  G eom etry
Figure C-2',. Configuration Factor Geometry
APPENDIX D 
ISOTHERMAL CLOUD APPROXIMATION
The assiim ption o f an iso th e rm a l cloud im p lies  th a t  th e  em issive  
power o f  th e  cloud i s  th e  same th roughout i t s  volume. For th e  cases 
examined in  t h i s  work, uniform  source in  a cloud in  r a d ia t iv e  e q u i l i -  
hrium , th e  em issive  power d i s t r ib u t io n  depends on th e  o p t ic a l  d iam eter 
o f th e  c loud . An in d ic a t io n  o f th e  e f f e c t  o f  o p t ic a l  depth  on em issive  
power can he had from th e  works o f Howell and P e rlm u tte r ( 13 ) and P e r l-  
m u tte r and Howell (3 > ). In  ( 13 ) th e  s o lu t io n  f o r  th e  em issive power 
d i s t r ib u t io n  o f  a gas between i n f i n i t e  non r e f l e c t in g  p a r a l l e l  p la te s  
i s  p re sen te d . I t  i s  shown th a t  th e  d i s t r ib u t io n  between th e  p la te s  i s  
f l a t  ( iso th e rm a l)  f o r  low o p t ic a l  dep th  b u t becomes markedly arched  
w ith  i t s  h igh  p o in t midway between th e  p la te s  fo r  o p t ic a l  dep ths above 
two. In  ( l4 )  th e  d i s t r ib u t io n  fo r  c o n ce n tric  i n f i n i t e  c y lin d e rs  i s  
g iven . For th e  l im it in g  case o f no in n e r c y lin d e r  i t  i s  shown th a t  th e  
d i s t r ib u t io n  o f em issive  power i s  sym m etrical about th e  o u te r  c y lin d e r  
a x is .
In  C hapter V II an e x p re ss io n  i s  d e riv e d  fo r  th e  apparen t e m is s iv ity  
o f th e  p a r t i c l e  cloud r e s u l t in g  from em ission  w ith in  th e  c loud . The 
d e r iv a t io n  assumes th a t  em issions and reem iss io n s  a re  un ifo rm ly  d i s t r i b ­
u te d  throughout th e  c loud . S ince th e  works c i te d  above in d ic a te  th a t
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th e re  i s  a marked d e p a r tu re  from t h i s  c o n d itio n  f o r  o p t ic a l  d iam eters  
above two, i t  seems a p p ro p r ia te  to  o b ta in  a c o r re c t io n  to  th e  ex p ress io n  
fo r  th e  la rg e r  o p t ic a l  d ia m e te rs . This i s  done as fo llo w s :
The d is t r ib u t io n s  from (25) fo r  o p t ic a l  dep ths o f  f iv e  and te n  a re  
assumed to  app ly  a long a c y lin d e r  d iam e te r .
I t  i s  assumed th a t  th e  r a d ia t io n  le av in g  th e  c loud i s  c h a r a c te r i s t i c  
o f r a d ia t io n  w ith in  one photon mean f r e e  p a th  o f  th e  su rfa c e .
An average em issive  power i s  determ ined  fo r  th e  p o r tio n  o f th e  cloud 
w ith in  one mean f r e e  p a th  o f th e  su rfa c e .
The r a t i o  o f th e  number o f em issions and reem iss io n s  occuring  i f  
t h i s  average em issive  power were m iifo rm ly  d i s t r ib u te d  through th e  cloud 
to  th e  number occuring  f o r  th e  uniform  source case i s  determ ined .
The r e c ip ro c a l  o f t h i s  r a t i o  i s  a m u l t ip l ic a t iv e  c o rre c t io n  fa c to r  
to  th e  em ittance  c a lc u la te d  by eq u a tio n  (T -I8 ) .
Approximate v a lu es  f o r  th e se  c o r re c t io n  f a c to r s  a re
T C o rrec tio n
5 1 .2
10 1 .7
